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Abstract. In this paper, we prove the Iwasawa main conjecture (in 
the sense of CFKSV ) of totally real fields for certain specific non- 
commutative p-adic Lie extensions, using the integral logarithms intro- 
duced by Oliver and Taylor. Our result gives certain generalization of 
Kato's proof of the main conjecture for Galois extensions of Heisenberg 
type ( [Katoll 1 ). 



0. Introduction 

0.1. Introduction. The Iwasawa main conjecture, which describes myste- 
rious relation between "arithmetic" characteristic elements and "analytic" 
p-adic zeta functions, has been proven under many situations for abelian ex- 
tensions. However, for non-abelian extensions, it took many years even 
to formulate the main conjecture. In 2005, Coates et al. formulated it 
([CFKSV]) by using algebraic i^-theory (especially the localization exact 
sequence), and Kazuya Kato has proven it for certain specific p-adic Lie 
extensions of totally real fields up to the present ([KatolJ). Mahesh Kakde 
generalized Kato's proof and proved the main conjecture for other types of 
extensions ( [Kakde] ). Jiirgen Ritter and Alfred Weiss also formulated the 
main conjecture in a little different way ( "Equivariant Iwasawa theory," see 
[R-Wl] .). also using algebraic K -theory. 

In this paper, we prove the Iwasawa main conjecture (in the sense of 
[CFKS Vj) of totally real fields for certain non-commutative p-extensions, 
using the method of Kato in [Ka tol] . 

Let F be a totally real number field, and let p be a prime number. Let 
poo jp De a totally real Lie extension containing the cyclotomic Z p -extension 
F cyc of F. We assume that only finitely many primes of F ramify in F°°. 

The aim of this paper is to prove the following theorem. 

Theorem 0.1 (=Theorem I3.ip . Assume that the following conditions are 
satisfied. 



(1) G = Gal(F°°/F) 



/l F p F p F p \ 

1 F p F p 

1 F p 

\0 1 / 



x r, 



where T is a commutative p-adic Lie group isomorphic to Z p . 
(2) p ± 2,3. 
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(3) There exists a finite extension F' C F°° of F such that the ^-invariant 
of (F') cyc /F' equals to zero, where (F') cyc /F' is the cyclotomic Z p - 
extension of F' . 

Then the p-adic zeta function £f°°/F f or F°°/F exists and the Iwasawa 
main conjecture for F°° / F is true. 

Let us summarize how to prove this theorem. We consider the following 
family of subgroups of G. 
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V 3 = {h} x {!}, 



where I± is the unit matrix of GL^Fp). 

In the following, we use the notation U{ (resp. Vj) for one of the subgroups 
Uo,Ui,U2,U2 and U3 (resp. Vb,Vi,V2,V2 and V3). Note that each quotient 
group Ui/Vi is abelian. 

Now we have a homomorphism 

On #i(A(G)) ^ Ki(A(C/i)) - #i(A(£W)) = A(^/^) x 

where A(G) denotes the Iwasawa algebra of G. Here the first map is the 
norm map of if-theory and the second one is the natural map induced by 
A(£/j) — ► K(Ui/Vi). 

On the other hand, John Coates et al. introduced the canonical 0re set S 
of A(G) (See §2 and [CFKSVj ) and considered the 0re localization A(G) S 
to formulate the main conjecture. For this localized Iwasawa algebra, we 
also have a homomorphism 



Nr 



9s,i: K 1 (A(G) S ) ^ #i(A(l/«)s) - K^AiUi/V^s) = A(^/^)i 
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by the same construction as 0j. We denote 

6 = (9 t )i-. 2fi(A(G)) - n A (^M) X 

j 

and 

#s = #i(A(G)5) -> n A (^)s- 

j 

Then we have the following proposition. 

Proposition 0.2 (Proposition 15.41 Proposition 16.31 and Proposition 16.41) . 

There exist subgroups 

*cIjA(L/iA$)* 

and 

i 

which satisfy the following conditions: 

(1) Imagers) C * 5 . 

(2) Image(#) = 

(3) * s nf[A(u i /v i ) x =y. 

i 

We can characterize both and f s as the subgroups consisting of all 
elements which satisfy certain norm relations and certain congruences (for 
details, see Definition 15.31 and Proposition 16.21 ). In the following, we denote 
the induced homomorphisms by the same symbols 

9: Kx(A(G)) -> * and 8 S : K 1 (A{G) S ) -» ^s- 

We call the surjective homomorphism 6 the theta map for G and the 
homomorphism 0$ the localized theta map for G. 

Then we obtain the following outstanding theorem which was first ob- 
served by David Burns. 

Theorem 0.3 (=Theorem l3.4i Burns). Let £j be thep-adic zeta function for 
the abelian p-adic Lie extension Fy i /Fu i where F\j % (resp. Fy t ) is the maximal 
intermediate field of F°°/F fixed by Ui (resp. Vi). If is contained in 
^s, thep-adic zeta function t; for F°°/F exists as an element of Ki(A(G)s) 
and satisfies the main conjecture. 

Note that the p-adic zeta function (pseudomeasure) & for Fy i /Fjj i has 
been constructed by using the theory of Pierre R. Deligne and Kenneth 
A. Ribet ([De-RiJ), and the Iwasawa main conjecture for Fy i /Fu i has been 
proven by Andrew Wiles ( [Wiles] ). 

The condition for to be contained in \& g is essentially given by the 
congruences among £j's, so we may reduce the non-commutative Iwasawa 
main conjecture to the congruences among the abelian p-adic zeta pseu- 
domeasures via the theta map. 

In order to study the congruences which abelian p-adic zeta pseudomea- 
sures should satisfy, we use the theory of Hilbert modular forms of Deligne- 
Ribet ( |De-Ri] ) . and derive the congruences of p-adic zeta pseudomeasures 
(that is, the congruences of constant terms of certain A-adic Hilbert modular 
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forms) from those of the coefficients of non-constant terms of A-adic Hilbert 
modular forms (See §7). Kato and Ritter- Weiss first used this technique in 
|Katol| and [R-W3] , and obtained many kinds of congruences among abelian 
p-adic zeta pseudomeasures. 

Actually it is difficult to prove all the desired congruences by using only 
this technique, therefore we use the existence of the p-adic zeta function for 
a certain quotient group G of G, proven by Kato in [Katolj . We prove our 
main theorem (Theorem 10. ip by using an inductive technique. 

0.2. Overview. The detailed content of this paper is as follows. 

In §1, we review basic results of (classical) algebraic K -theory. In particu- 
lar, we summarize properties of integral logarithmic homomorphisms, which 
were first introduced by Robert Oliver and Laurence R. Taylor to study the 
structure of the Ki-group of a group ring R[G] where G is a finite group and 
R is the integer ring of a finite extension of Q p . The integral logarithmic 
homomorphisms are maps from multiplicative A'x-groups to certain additive 
groups, which are much easier to treat (Proposition-Definition [1.29p . 

In §2, we review the theory of Coates et al. ([CFKSV]), especially how 
to formulate the main conjecture. 

We state our main theorem precisely in §3, and introduce Burns' technique 
under more general situations than Theorem lO.il 

We construct the theta map for our case from §4 to §6. In §4, we construct 
the additive version of the theta map (Proposition-Definition I4.3|) by using 
linear representation theory of finite groups. In §5, we translate the results 
on the additive theta map proven in §4 into the (multiplicative) theta map, 
using the integral logarithmic homomorphisms. In §6, we construct the 
localized version of the theta map 0<j. For this purpose, we take the p-adic 
completion A(r)( p ) of A(r)( p ), and apply the arguments of §4 and §5 to 

A(rj^) [(?/]. 

The condition for abelian p-adic zeta pseudomeasures to be contained 
in ^5 is essentially given as the congruences among them. Hence in §7, we 
study congruences which abelian p-adic zeta pseudomeasures satisfy (Propo- 
sition [73]) . We use the theory of Deligne and Ribet on Hilbert modular forms 
([De-Ri]). 

Since the congruences obtained in §7 are not sufficient to conclude that 
abelian p-adic zeta pseudomeasures are contained in $5, we introduce Kato's 
p-adic zeta function for a certain sub p-adic Lie extension Fn jF of F°° / F 
(Theorem 18. ID . and prove Theorem 10.11 by an inductive technique. 

Our main theorem gives a new example which is not deduced from pre- 
vious results ( [Katolj . [R-W2| . [R-W3| . and |R-W4] ). 
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0.3. Notation. In this paper, p always denotes a positive prime number. 

We denote by N the set of natural numbers (the set of strictly positive 
integers), denote by Z (resp. Z p ) the ring of integers (resp. p-adic integers), 
and also denote by Q (resp. Q p ) the rational number field (resp. the p-adic 
number field). 

For an arbitrary group G, we denote by Conj(G) the set of all conjugacy 
classes of G. 

For every pro-finite group P, we always denote by A(P) = Z p [[P]] its 
Iwasawa algebra (that is, its completed group ring over Z p ). 

We denote by V a commutative p-adic Lie group which is isomorphic to 
Z p . Throughout this paper, we fix a topological generator t of T. In other 
words, we fix an isomorphism 

A(r) ^ Z„[[T]] 
t i ^ 1+T 

where Z p [[T]] is the formal power series ring over Z p . 

We always assume that every associative ring has 1. We also use the 
following notation: 

M n (i?) = {the ring of n x n-matrices with entries in R}, 
GL n (R) = {M £ M n (R) | Mis an invertible matrix}, 

where R is an associative ring. If R is a commutative domain, we denote by 
Frac(i?) its fractional field. 

We always regard iTo-groups as additive groups, and ATi-groups as mul- 
tiplicative groups. 

Finally, we fix an algebraic closure Q of Q and fix embbedings 

q ^ C, Q Q p 
where C denotes the complex number field and Q p the algebraic closure of 

Q P . 
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1. Preliminaries on algebraic #-theory 

In this section, we summarize basic results of algebraic if -theory which 
we need to formulate the non-commutative Iwasawa main conjecture and to 
construct the theta map. 

1.1. Definitions and first properties. First, we review the definition of 
-fT-groups and their properties. For more details, see [BasslJ. 

Definition 1.1 (Grothendieck groups, K^-groups). Let ^ be a category 
with a product _L (recall that a category ^ with a product _L is a category 
equipped with a functor _L: x c € — > c &). Then we define the Grothendieck 
group oftf Kq^) as an abelian group equipped with a map 

[•]: OW — ► JfoCSf) 
satisfying the following universal properties, 
(i^o-l) For every X,Y G Ohtf satisfying X Y, [X] = [Y]. 
(#0-2) For every X,Y £ Ohtf, [X±Y] = [X] + [Y]. 

Namely, if a map / : Ob c € — ► A [A : an abelian group) satisfies the 
properties {Kq-V) and [Kq-2), there exists a unique group homomorphism 
-0: Kq{^) — > A which makes the following diagram commute: 

Ob<T — #o(^) 

Y 
A 

For every associative ring R, we define Kq(R) as the Grothendieck group 
of the category of finitely generated projective left R- modules. 

Definition 1.2 (Whitehead groups, #i-groups). Let ^ be a category with 
a product _L. Let Aut(^) be the category of automorphisms of objects of 
"io. Namely, an object of Aut(^) is a pair (X, a) where X G Ob'rf and 
a: X — ► X is an automorphism of X. A morphism /: (X, a) — ► (Y,t) is a 
morphism f : X — > Y in which satisfies / o a = t o /. 

Then we define the Whitehead group of K% (<?f ) as an abelian group 
equipped with a map 

[•]: ObAutCT) — ► #i(<T) 
satisfying the following universal properties. 

(#1-1) For every (X,a),(Y,r) € ObAut(tf) satisfying (X,a) = (Y,t), 
[(X,a)] = [(Y,r)]. 

(#x-2) For every (A»,(Y,t) G ObAut(^), [(X , a) ±(Y, t)} = p»] ■ 
[(Y,t)]. 
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(ifi-3) For every (X, a), (X, a') G ObAut(^), [(X,a o a')] = [(X,a)] • 

For every associative ring R, we define K\(R) as the Whitehead group of 
the category of finitely generated projective left R- modules. 

Remark 1.3. When R is the group ring Ok[G] of a finite group G over 
the integer ring of a number field K, the terminology "Whitehead group" is 
usually used for the group 

Wh(0 K [G]) = Ki(O k [G])/(v(O k ) x G ab ), 

where \x{Ok) is the multiplicative group consisting of all roots of 1 contained 
in O k . 

We have another interpretation of the Whitehead group of an associative 
ring R (Whitehead's construction): let E n (R) be a subgroup of GL n {R) 
generated by all "elementary matrices," that is, 

E n (R) = (I n + rEij | 1 < i £ j < n, r G R) 

where 

3 

/0 ••• 0\ 
1 

Eij = 

Vo oj 

Here we denote the unit matrix of GL n (i?) by I n . Note that E n (i2) is 
normal in GL n (R). 
Let 

GL(R) = hmGL n (i?) and E(R) = hmE n (i?), 

n n 

then we have 

K^R) = GL(R)/E(R). 

For the equivalence of Definition 11.21 and Whitehead construction, see 
[Bassl], Chapter IX. 

Definition 1.4 (Relative Whitehead groups). Let R be an associative ring 
and a C R an arbitrary (two-sided) ideal. Set 

GL n (R,a) = Ker(GL n (i?) — > GL n (R/a)), 
E n (i?, a) = The minimal normal subgroup of GL n (i?, o) 

containing {I n + rEij \ < i / j < n, r G a}, 

and 

GL(R,a) = hmGL n (i?,o), E(R,a) = hmE n (i?,o). 

n n 

Then we define 

K x (R,a) = GL(R,a)/E(R,a). 
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Proposition 1.5 (Whitehead's lemma). Let R and a be as above. Then 
E(R) = [GL(R),GL(R)], 
E(R,a) = [E(R),E(R, a)] = [GL(R), GL(i?, a)]. 

Proof. See [Milnorj . Lemma 3.1, Lemma 4.3. □ 

The following two propositions are well known and we often use them 
later. 

Proposition 1.6. Let R be an associative ring and a be a two-sided ideal 
contained in its Jacobson radical. Then the canonical homomorphism 

K^R) ^ K^R/a) 

induced by R — > R/a is surjective. 

Proof. See [Bassl] . Chapter IX, Proposition (1.3). □ 

Proposition 1.7. Let R be a semi-local associative ring (recall that R is 
semi-local if R/J is semi-simple where J is the Jacobson radical of R). Then 
the following properties hold. 

(1) The group homomorphism 

R x — ► K^R); u ^ [(R, - • u)] 

is surjective, where — ■ u is the automorphism of R defined by multipli- 
cation by u from the right (here we regard R as a left R-module) . 

If R is semi-local and also commutative, the homomorphism above is 
an isomorphism. 

(2) (stability property) 

For each d > 2, we have the canonical isomorphism 

K 1 (R)^GL d (R)/E d (R). 

Proof. For (1), see [Bassl] Chapter IX, Proposition (1.4). When R is com- 
mutative, the determinant map gives the inverse map of R x — > K\(R). 
For (2), see [Bassl] Chapter V, Theorem (9.1). □ 

Now let us study the project limit of i^i-groups for semi-local rings. 

Proposition 1.8. Let R be a semi-local ring and {-R^jneN a projective 
system of semi-local rings such that R^ — ► R^ is surjective for each 
n> m> 1 and lim R^ ^ R. 

< n 

Then the homomorphism 

K X (R) -» limKi(R^) 

n 

induced by the canonical homomorphisms K\(R) — > K\(R^) is an isomor- 
phism. 

Proof. By the stability property (Proposition 11.71 (2)). we have 

K X (R) * GL d (R)/E d (R) and K^R™) * GL d (R^)/E d (R^) 

for every d > 2. Fix d > 2. 
Consider the exact sequence 

(1.1) 1 ► E d (R^) ► GL d (R^) ► K^RW) > 1 
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for each n > 1. Then for every n > m > 1, the natural homomorphism 

E d (R^)^E d (R^) 

induced by — > R^ is clearly surjective. Therefore {E d (R^)} n& ^ sat- 
isfies the Mittag-Leffler condition, and we have the following exact sequence 

1 lim n E d (R^) lim n GL d {R^) Jim Kx(R^) 1 

by taking the projective limit of (jl.ip . 
Now consider the following diagram: 

1 E d (12) GL d (R) Ki(R) 1 

1 „ Hm E d (12( n )) ^ lim GL d (R^) *- lim K X {R^) ^ 1 

here the vertical homomorphisms are induced by the canonical homomor- 
phism R — > R( n \ We can easily check that each square diagram commutes. 

Then the left and middle vertical homomorphisms are canonically isomor- 
phic. Hence the right vertical homomorphism is also an isomorphism by the 
snake lemma. □ 

1.2. Norm maps in IC-theory. The theta map, which we will construct 
in the following sections, is essentially a family of norm maps in algebraic 
IC-theoryQ So let us review the construction and properties of norm maps 
of IT-groups. 

Let R'/R be an extension of a ring R. Suppose that R' is a finitely 
generated projective module as a left l?-module. Then we may regard 12' as 
left R- right l?'-bimodule rR' R i- We define 

Nrjy/fl := [rR' r , ®# -] : K^R 1 ) — 1Q(12) (t = 0, 1). 

We often use norm maps in the following situation: let G be a group and 
H be its subgroup of finite index. Then we have an inclusion of group rings 
7L P \H\ — >• "L p [G\. Hence we obtain a norm map 

^z p [G)/z p [H] ■ Ki(Z P lG}) — > K t (Z p [H]) (i = 0, 1). 

If G is a pro-finite group and H is its open subgroup, we also obtain 
N*a(G)/A(H) by the same construction. 
Now we calculate 

Kr Zp[G]/Zp[H] : Ki(Z p [G]) K^H}) - Z P [H] X 

under the specific condition that G is a group and H is a commutative 
subgroup of finite index. Note that both r L v \G\ and TL p \¥L\ are local rings. By 
Proposition 11.71 (1). we can identify Ki(Z p [H]) with Z P [H] X . Take a system 
of representatives {ui, . . . , u r } of the coset decomposition H\G. Then Z P [G] 
is regarded as a left free Z p [U]-module with basis {u±, . . . ,u r }. 



In some books and papers, norm maps are also called "transfer homomorphisms." 
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Let <j) be an element of K\(Z P [G]). By Proposition 1 1 . 71 ( 1 ) again, we obtain 



x G Z p [G] x such that [x] = (p. Let 

r 

UjX — X^jU^ 

1=1 



{xn G Zp[H\) 



for each j. Then we can calculate ^■l p [g\/'& p [h}4 ) as 

Nr Zp[G ] /Zp[ H]0 = det((a^)i<i,j< r ) G Z p [#] x . 

Proof. By the calculation above, we may identify Nr^ [g]/z with the im- 
age of (xy)^ in Ki(Z p [H\) = GL(Z p [H)) /E(Z p [H]) . Since Z p [fl"] is commu- 
tative, the surjection Z p [H] x — ► ifi (Z p [ii] ) is an isomorphism by Proposi- 
tion [L7](l)- The determinant map gives the inverse map of the isomorphism 
above, and it maps Nr Zp[G]/Zp[H ](/> = [{x^ij] to det(x ij ) i j. □ 

When G is a pro- finite group and H is its commutative open subgroup, 
we may calculate NrA( G ) / A (m explicitly in the same way. 

We end this subsection with a certain compatibility property of norm 
maps. 

Proposition 1.9. Let G be a group and H be its subgroup of finite index. 
Let N be a subgroup of H normal in G and H . 

Then for i = 0, 1, the following diagram commutes: 



Ki(Zp[G\) 

■KG 

Ki{Z p [G/N]) 



Nr Zp[G]/Z p [H] 



Ki(Zp[H]) 
Ki(Z p [H/N}) 



Nr Zp[G/N]/Z p [H/N] 

where 7r G and ttjj are canonical homomorphisms induced by 

tt g : Zp[G\ — ► Zp[G/N] and ir H : Z P [H] — ► Z P [H/N\. 

When G is a pro-finite group, H is its open subgroup and N is a closed 
subgroup of H normal in G and H , the same statement holds for Nr/UG)/A(H) 
and Nr A ( G /Ar)/A(H/AT) • 

Proof. Let {u\, . . . ,u r } be a system of representatives of H\G. Then it is 
clear that {ui, . . . ,u r } is that of (H/N)\(G/N) where Ui = TT G (ui)- Then 
we have 

ir H o Nr 2p [ G ]/ Zp [.H] 
= [Z p [H/N] ®z p[H ] {z p [H]Zp[Gh p [G]) ®1 P [G] ~] 

Z P [H/N] ® Zp[H] U$Z p [H}uA ® Zp[G] 
(@}Z p [H/N}u^J ® Zp[G] - 

[{z p [H/N]^ P [G/N] Zp [G/N]) ®Z P [G/N] {Z p [G/N]) ®l p[G ] 
^■L P [G/N]/Z P [H/N] ° TTG- 
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The pro-finite version can be verified in the same manner. □ 

1.3. The localization exact sequences. Let R be an associative ring and 
S be a multiplicatively closed subset of R containing 1. In 1968, Hyman Bass 
constructed "the K\-Kq localization sequence" ( (Basslj ): 

K X (R) -» K^S^R) ^ K (R,S) -> K (R) -» Kq^R) 

for central S (recall that S is central if S contained in the center of R) . 

In this subsection, we define 0re localizations (certain "good" localiza- 
tions of non-commutative associative rings) and introduce the Ki-Kq local- 
ization exact sequence for a non-central 0re set S which is the generalization 
of Bass' exact sequence for central S. 

Definition 1.10 (0re sets). Let R be an associative ring, and S C R be a 
multiplicatively closed subset containing 1. 

S is called a left (resp. right) 0re set if S satisfies following two conditions. 

(0re-l) For every r £ R and s 6 S, Sr n Rs / (resp. rS n sR / 0). 
(0re-2) If r £ R satisfies rs = (resp. sr = 0) for a certain element s £ S, 
there exists s' £ S such that s'r = (resp. rs' = 0). 

Example 1.11. Let R be an associative ring and S be a multiplicatively 
closed subset containing 1. Suppose that S is contained in the center of R. 
Then S is a left and right 0re set: for an arbitrary r £ R and s £ S, there 
exist r' £ R and s' £ S such that s'r = r's and rs' = sr' since we may 
choose s' = s and r' = r. 

Proposition 1.12. Let R be an associative ring and S a left (resp. right) 
0re set. Let k £ N. Then the following property holds: 

(0re-V) For arbitrary s\,...,si- £ S, there exist n, . . . , r^ £ R which satisfy 
nsi = ■■■ = r k s k £ S [resp. sm = ■■■ = s k r k £ S). 

Proof. Directly by (0re-l) for k = 2. Then we can show (0re-l') for k > 3 
by induction. □ 

Proposition-Definition 1.13 (0re localization). Let R be an associative 
ring and S be a left (resp. right) 0re set of R. 

(1) (Existence of the 0re localization) 

There exist a ring [S^^R (resp. RlS^ 1 ]) and a canonical ring homo- 
morphism l: R — ► [S^ 1 ]/? (resp. RlS^ 1 ]) which satisfy the following 
conditions: 

(loc-1) For every s £ S, l(s) is invertible. 

(loc-2) Every element in [S~ 1 ]R (resp. RlS -1 ]) can be described in the 
form t(s)~ 1 t(r) (resp. L(r)i(s)~ 1 ) for certain r £ R and s £ S. 

(loc-3) For r £ R, i(r) = if and only if there exists s £ S such that 
sr = (resp. rs = 0) in R. 

(2) ( The universality property) 

Suppose that a ring homomorphism f : R — ► R maps all elements of 
S to invertible elements of R. Then there exists a unique ring homo- 
morphism ip which makes the following diagram commute: 
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[S-^R (resp. R[S~ X }) 




We call [S^ 1 ]/? (resp. -RfS 1-1 ]) the left (resp. right) 0re localization of R 
with respect to S. 

For an arbitrary left (resp. right) -R-module M, we define the left (resp. 
right) 0re localization of M with respect to S to be the module [5 ]M = 
[S-^R ® R M (resp. M[S- 1 } = M ® R R[S- 1 }). 

Sketch of the proof. We only give the construction of the left 0re localization 
[S- l ]R. Set 

[S~ l ]R = S x Rj ~ 
where ~ is an equivalence relation defined by (s,r) ~ (s',r') if and only if 
there exist a,b G R which satisfy or = br' and as = bs' £ S. 

Then we may define the additive law and the multiplicative law as follows: 

(s, r) + (s , r) = (t, ar + br') where t = as = bs' £ S, 

(s,r) ■ (s',r') = (ts,ar') where tr = as', t G S. 

For the well-definedness of ~, +, • , and for the universality property, we 
use the 0re conditions (0re-l) and (0re-2). 

For details, see [Sten] . Chapter II. □ 

Corollary 1.14. Let R be an associative ring. If a multiplicatively closed 
subset S satisfies both left and right 0re conditions, then the canonical iso- 
morphism [S~ l ]R ^ R[S~ l ] exists. 

Proof. Directly from the universality property. □ 

Proposition 1.15. Let R be an associative ring and S a left (resp. right) 
0re set. Then the left (resp. right) 0re localization [S~ l ]R (resp. -RfS* -1 ]) is 
flat as a right (resp. left) R-module. 

In other words, the left (resp. right) 0re localization defines the exact func- 
tor from the category of left (resp. right) R-modules to that of left [S~ 1 ]R- 
modules (resp. right R[S~ 1 ]-modules) . 

Proof. See [Stenj . Chapter II, Proposition 3.5. □ 

Definition 1.16 (5-torsion modules). Let R be an associative ring and S be 
a left 0re set. We define Wls(R) to be the category of finitely generated S- 
torsion left i?-modules, that is, an object M of DJts(R) is a finitely generated 
left fl-module satisfying [S'^M = 0. 

We may easily show that for an arbitrary object M of 9Jts(R)i there exists 
an element of S such that sM = if S is central. 

Bass constructed the following localization exact sequence for central S. 

Definition 1.17. Let R be an associative ring and S its multiplicatively 
closed subset. Let S)s(R) be the category of finitely generated 5-torsion 
left .R-modules with projective resolutions of finite length. Then we put 
K (R,S) = K (S3s(R)). 
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Remark 1.18. Note that we may identify Kq(R,S) with the relative Gro- 
thendieck group associated to the canonical ring homomorphism R — ► 
[S~ l \R. For the definition of relative Grothendieck groups, see [Bassl| . 
Chapter IX, §1. 

We can also identify this group with the Grothendieck group of the cat- 
egory of bounded complexes of finitely generated projective left .R-modules 
whose cohomologies are of S-torsion. 

Theorem 1.19 (Bass, the localization exact sequence for central S). Let 
R be an associative ring with 1 and let S be its multiplicatively closed sub- 
set contained in the center of R. Suppose that for every element s of S, 
multiplication by s in R induces an injection R —>■ R. 
Then there exists an exact sequence of K -groups: 

Ki(R) -» K^S^R) ^ K (R,S) -> K (R) Kofi^R). 

Proof. Sec [BasslJ, Chapter IX, Theorem (6.3). □ 

Proposition 1.20. If R has finite global dimension (in other words, if every 
finitely generated left R-module has finite projective dimension), we have 

K i (R,S) = K i (Wl s (R)) (» = 0,1). 

Proof. It is clear since Sjs(R) = SJTs(-R) in this case. □ 

A. J. Berrick and M. E. Keating constructed the localization sequence for 
0re localizations by generalizing the Bass' construction of the localization 
sequence for central S: 

Theorem 1.21 (Berrick-Keating) . Let R be an associative ring with 1 and 
S a left 0re set. Suppose that no elements of S are zero divisors in R. 

Let S)s,i(R) be the subcategory ofVRs(R) consisting of finitely presented 
S -torsion left R-modules with projective dimension 1. Then there exists an 
exact sequence of K -groups: 

(1.2) Ki(R) -» Kt^S-^R) ^ K (S$s,i(R)) - ^o(^) - ^([S^R). 
Proof. See [Ber-Keat] . □ 

We remark that Daniel R. Grayson also constructed the exact sequence 
(|1.2|> by using Quillen's higher /C-theory ( |Grayson] ) . 

In the following, we use the modified version of Berrick-Keating's local- 
ization sequence. 

Theorem 1.22 (The localization exact sequence for 0re localization). Let 

R be an associative ring with 1 and S a left 0re set. Suppose that no 
elements of S are zero divisors in R. Then there exists an exact sequence of 
K -groups: 

K X {R) - K^S-^R) ^ K (R,S) - K (R) K^S^R). 
Proof. It suffices to show that 



(1.3) 



K (f)s(R)) = K (S)s,i(R)). 
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First, we show that for every M £ Ob f)s(R), M has a finite resolution by 
objects of $Js,i(R)- Let {mi, . . . , m/J be elements of M which generate M, 
and d the projective dimension of M. Then we have the canonical surjection 

7r : ef =1 Rei -> M; i-> m, ; (1 < i < A;), 

where {ej}i<j<fc is the free basis. We set L = Ker(-7r). Note that L is a 
left free module. Since M is a 5-torsion module, there exists Si £ S which 
annihilates mi for each i. Then we obtain an element s £ S which annihilates 
all rrii by (0re-l'). For this s, we have tt (®^ =1 RseA = 0, therefore ®\ =l Rsei 
is a left free .R-submodule of L. Consider 

-> Lj ® k i=x Rsei © 4 fc =lJ Rei/ ©f =1 flse* -> M 0, 

then ®f =1 Rei/ ®f =1 -Rsej is free and of S-torsion (Let x = Yli=i r i e i be an 
arbitrary element of ®^ =l Rei/ ©f =1 Rsei. For each i there exist G S and 
r'i £ R such that = r^s. We obtain r'( £ R (1 < i < k) which satisfies 
r'lsi = ■ ■ ■ = r' k s' k £ S by (0re-l'). Then the element s = r'ls\ = ■ ■ ■ = r k s' k 
annihilates x), therefore ©^ =1 i?ej/ ©f =1 Rsei is an object of S)s,i(R)- Note 
that the projective dimension of L / ®^ =l Rsei is d— 1. Hence we can construct 
a resolution of M by objects of fj^i (R) by induction on the projective 
dimension d. 

Then (jl.3p reduces to Grothendieck's resolution theorem (See Theorem 
ll.23p . Note that both Sjs(R) and $)s,l{R) are admissible subcategories of 
Wt(R) (that is, S)s(R) and £)s,l(-R) are full additive subcategories of fJJlg(R) 
which have at most sets of isomorphism classes of objects, and if — M' — > 
M — » M" — > is an arbitrary exact sequence in $Jt(R) for which M and M' 
are objects of Sjs(R) (resp. f)s ; i(i?)), M" is also an object of S)s(R) (resp. 
Sis,i(R))). See [Bass2| . Corollary (8.5). □ 

Theorem 1.23 (Grothendieck's resolution theorem). Let 5DT be an abelian 
category and C *p' admissible subcategories of 9Jt. Assume an arbitrary 
object P' of ^p' has a finite resolution by objects of *p. Then the inclusion 
*P C induces an isomorphism i^o(^P) — -^o(^P')- 

Proof. See |Bass2| . Theorem (7.1). □ 

Remark 1.24. In our case, the canonical 0re set S for A(G) (See §2) is 
essentially contained in the center A(T) (See §6, Lemma fo.ip . therefore Bass' 
localization sequence is sufficient for the proof of our main theorem. 

1.4. Theory of the integral logarithm. Integral logarithmic homomor- 
phisms were used by Robert Oliver and Laurence R. Taylor to study struc- 
ture of Whitehead groups of group rings of finite groups ( [Oliver] , |01i-T ay | ) . 
We use these homomorphisms to translate "the additive theta map" into 
"the (multiplicative) theta map" (See §5). Ritter and Weiss also used them 
to formulate their "equivariant Iwasawa theory" ([R-WlJ). 

Let R be a complete discrete valuation ring with mixed characteristics 
(0, p) , K its fractional field, it a uniformizer of R and k the residue field of R. 
Let 21 be an "i?-order," that is, an i?-algebra which is free as a left i?-module 
(though Oliver and Taylor treated only Z p -orders in [Oliver] and |01i-Tay| , 

we need integral logarithms for the A(r)( p )-order A(r)( p ) [G*] to construct 
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the localized version of the theta map (see § 6) , therefore we introduce here 
the generalized version of integral logarithms for general ii-orders) . 

Lemma 1.25 ( [Qliverj . Lemma 2.7 for Z p -orders). Let R, K , ir, k and 21 be 

as above, and let J be the Jacobson radical of%. Then for every two-sided 
ideal a C J, 1 + a is a multiplicative group. Moreover, for an arbitrary 
element x € a, the power series 

OO j 

(1.4) io g (i+x) = ^(-ir 1 - 

i=l 

converges p-adically in aq = Q ®% a, and satisfies 

(1.5) log((l+a;)(l + y))=log(l + ar)+log(l + y) mod[2lQ,a Q ] 

for every x, y E a where 21q = <Q> (2>z 21. 

In particular, log induces a homomorphism of groups 

log: 1 + a — > 0q/[21q, Oq]. 

Here for arbitrary two-sided ideals a and b of R, [a, b] denotes the two- 
sided ideal generated by [a, b] = ab — ba where a € a and b 6 b. 

Proof. Since 21/21-7T is finite over k = R/Rtt, it is a left Artinian fc-algebra. 
Note that J/217T is the Jacobson radical of 21/21-71", and by commutative ring 
theory, the Jacobson radical of an arbitrary (left) Artinian ring is nilpotent. 
Hence for an arbitrary x G a C J, there exists a certain natural number m 
such that 

(1.6) x m £ 2br. 

Let e be the absolute ramification index of K . Then we have x n £ %lpi n / em \ 
for each n > em where [r] denotes the greatest integer not greater than r 
for every r 6 R. 2lpt n / em ' converges to zero as n — > oo, therefore we obtain 

lim \x\ = 0, 

n— >oo F 

which implies the power series 

oo 

(1 + z)- 1 = 

i=0 

converges in 21. Since a is closed in p-adic topology, we may conclude that 
(1 + x) _1 G 1 + a. It is clear that 1 + a is closed under multiplication (note 
that a is a two-sided ideal), therefore 1 + a is a multiplicative group. 

Now we also have x n /n G 21 • (p[ n / em l jn) for each n > em by (jl.6p . 
therefore we obtain 

(1.7) lim 

n^oo 

which implies that the power series (jl.4l) converges in 21q. Then we can 
show that (|1.4p converges in by the same argument as above. 

We may also show the equation (jl.5l) by direct calculation, but this cal- 
culation is quite complicated because of the non-commutativity of 21. See 
[Qliverj . Chapter 2, Lemma 2.7. □ 



x 
n 
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Remark 1.26. Note that though Oliver constructed log only for Z p -orders 
in [Oliver] . Lemma 2.7 of Chapter 2, his proof does not use peculiarities of 
Z p (especially the flniteness of the residue field of R). So we can apply his 
proof to the case of general i2-orders. 

Proposition 1.27 ( [Oliver] . Theorem 2.8 for Z p -orders). Let 21 and a be 

as above. Then the logarithmic homomorphism of Lemma \1.25\ induces the 
following homomorphism of abelian groups : 



log a : #i(8l,a) — 

Sketch of the proof. For every n > 1 and for an ideal M n (a) C M n (2t), we 
have a logarithmic homomorphism (Lemma I1.25P 



log< n > : GL n (2l, a)=I n + M„(o) ^ M n (a Q )/[M„(2l Q ), M n (a Q )} 

trace 



where I n is the unit matrix of GL n (2t). 

For every X G GL n (2l) and A G GL n (2l, a) = I n + M„(a), we have 

\og {n) ([X,A}) = \og {n) {XAX- 1 ) - \og {n) {A) (by ([Oil ) 
= Tt{X\og{A)X- x ) - Tr(log(A)) 
= 0. 

Hence log^ n ^ induces 

logW: GL„(2l)/[GL n (2l),GL n (2t,a 
and by taking the projective limit, we obtain 
log a : ^i(2l,a) — 



using Whitehead's lemma (Proposition ll.5p . 

(See [Oliver] . Theorem 2.8.) □ 

Remark 1.28. Let R be the integer ring of a finite extension of Q p , and 
take o to be the Jacobson radical J of 21 = R[G] where G is a finite group. 
Then we may extend the domain of the logarithmic homomorphism obtained 
in Proposition 11.271 to K\(R[G\) uniquely. 

The following exact sequence of X-groups is well known: 

K 2 (R[G]/J) -> tfi(fl[G], J) -> Kx{R[G\) -» K X (R[G]/J) -» 1 

(Sec [Milnor] Lemma 4.1 and Theorem 6.2). Note that the homomorphism 
K X {R[G)) -» K-l(R[G\/J) is surjective by Proposition M\ Since R[G]/J 
is a finite semi-simple algebra with p-power order, K2(R[G]/ J) = 1 and 
p \ a = §Ki(R[G]/ J) ( [Oliver] . Theorem 1.16). Therefore, we may regard 
K\(R[G], J) as a subgroup of Ki(R[G]), and may extend the domain of logj 
to i^i (#[(?]) by setting 

1 °Sr[g] ( t ) = \ lo § J <t> a 

for every G iTi(i?[G]) (note that a G Ki(ii[G], J)). The uniqueness of 
the extension is trivial from this construction. 
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Now we define integral logarithmic homomorphisms. Let R be a complete 
discrete valuation ring which is absolutely unramified, and let G be a finite 
p- group. For simplicity, we assume that p / 2. We consider a group ring 
Let J be the Jacobson radical of jR[Cr]. Let 

i?[Conj(G)] = R[G]/[R[G], R[G}] (resp. A'[Conj(G)] = K[G]/[K[G], K[G]}) 

be the free -R-module (resp. the K- vector space) with basis Conj(G). In the 
following, we fix the Frobenius automorphism <p: K — > K when k = R/pR 
is not perfect. Then we have 

(1.8) <p(r) = r p mod pi? 

for every r£fi|] 

Let ip: -fT[Conj(G)] — * K[G] be the homomorphism defined by 



E k M = E Wl {k g G K, [g] G Conj(G)). 

V 9 J 9 

Proposition-Definition 1.29 (The integral logarithms). Set 

T GyJ {u) = lo gj (u) - \p (lo gj (n)) G K[Coni(G)}, u G Kx{R[G], J). 

Then Yq j induces a homomorphism 

r GiJ : K~i(R{G], J) — > fl[Conj(G)], 

which we call the integral logarithmic homomorphism for R[G]. 

When K is a finite unramified extension of Q p and R is its integer ring, 
then 

T G {u) = \og R[G] {u) - \p (log fl[G] («)) G K[Conj(G)], u G K X {R\G\) 

also induces a homomorphism 

T G : Ki(R[G]) — > R[Conj(G)]. 

Sketch of the proof. Take an arbitrary x G J. Since 

x 2 \ 1 / x 2 



r G ,j(i -x) = -[x + — + ■■■)+ -p{x+ 2 



oo 1 

E 1 

~ pi 

1=1 



[X 



pi 



ip^)) modi?[Conj(G)], 



it is sufficient to show that pi\(x pi — ip(x 1 )) for every i > 1, or p n \(x p " — 

n t. 

(p(x p )) for every n > 1 (note that all primes other than p are invertible 
in fl). 

To do this, we should check each term of the expansion of x p " and p(x p " ) 
carefully. See [Oliver] . Theorem 6.2 for details. 

The second part follows immediately by the first part and the uniqueness 
of the extension of log (Remark I1.28P . □ 



If R is the integer ring of a finite unramified extension of Q p , ip is the ordinary 
Frobenius endomorphism (determined uniquely up to the inertia subgroup). If R is the p- 
adic completion of A(r)(„) (we use this ring in §6), we may choose Hp as the endomorphism 
induced by t t p . 
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Now assume that R is the p-adic integer ring Z p and G is a finite p-group. 
In this case we can derive further information about the kernel and image 
of the integral logarithms. 

Theorem 1.30. Let G be a finite p-group and -Ki(Z p [G])tors ^ e torsion 
part of K\ (7L V [G] ) . Then there exists an exact sequence 

1 -» K^ZpiG^/KxiZplG})^ ^ Z p [Conj(G)] ^ G ab -> 1. 
//ere wg is defined by 




K eZ p ,[ 5 ] G Conj(G)) 



and G ab is i/ie abelization of G. We denote by g the image of [g] in G ab . 

Proof. See [Oliverj . Theorem 6.6. □ 

For the torsion part of Ki(Z p [G]), the following properties are known. 

Definition 1.31 (SKi(Z p [G])). Let G be a finite group. Then we put 

SKx{Z p [G]) = Ker(Ki(Z p [G]) — ► Ki(Q P [G])) . 

Remark 1.32. We may define the S-RTi-group for an arbitrary associative 
ring by Whitehead construction, but we omit this since we only use SK\- 
groups for group rings of Z p [G]-type. 

Proposition 1.33. Let G be a finite group. 

(1) Ki(Z p [G]) tors ^ p _! x G ab x SK^ZplG}). 

(2) SK^ZplG}) is finite. 

(3) If G is commutative, SK\(Z P [G]) = 1. 

Proof. (1) See [Oliver], Theorem 7.4. 

(2) See [Wall] . Theorem 2.5. 

(3) This follows from the definition of .Si^i-groups: since Z p [G] and 
Q P [G] are local and commutative, we have -ftTi(Z p [G]) = Z P [G] X and 
Ki(Q p [G\) = Qp[G} x by Proposition[L7](l), then Z p [G] x -> Q P [G] X 
is obviously injective. 

□ 

2. Basic results of non-commutative Iwasawa theory 
In this section, we review basic results of [C FKSV] . 

Let G be a compact p-adic Lie group containing a normal closed sub- 
group H which satisfies G/H = Z p , and let A(G) be its Iwasawa algebra. In 
the non-commutative Iwasawa theory of [CFKSVJ, characteristic elements 
(the "arithmetic" p-adic zeta functions) are defined as elements of White- 
head groups of certain 0re localization of A(G) by using the localization 
exact sequence. We first define the canonical 0re set S for the group G 
introduced in [CFKSV ] §2. Then for every element [(£] of the relative Kq- 
group K (A(G),A(G)s) (in the following, we regard K (A(G), A(G)s) as the 
Grothendieck group of the category of bounded complexes of finitely gen- 
erated projective left A(G)-modules whose cohomologies are of S'-torsion), 
we define a characteristic element of [£] as an element of Ki(A(G)s). Next, 
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we characterize the p-adic zeta function (the "analytic" element) as an el- 
ement of Ki(A(G)s) interpolating special values of Artin L-functions, and 
formulate the non-commutative Iwasawa main conjecture. 

2.1. The canonical 0re set and characteristic elements. Let G be a 

compact p-adic Lie group and 

A(G) = lint Z p [G/U] 

U : open normal 

be its Iwasawa algebra. Suppose that there exists a normal closed subgroup 
H of G which satisfies G/H = T, where T is a commutative p-adic Lie group 
isomorphic to Z p (See §0.3). In the following, we fix such a subgroup H. 

Proposition-Definition 2.1 (The canonical 0re set). Let G and H be as 

above. Then 

S = {/ 6 A(G) | A(G)/A(G)/ is finitely generated as a left A(H)-module} 

is a left and right 0re set (See Definition ] 1.10^ . 
We call this S the canonical 0re set for the group 

gE 

Since S is a left and right 0re set, the left localization and the right 
localization of A(G) with respect to S are canonically isomorphic to each 
other by Corollary II .141 Therefore we may identify these two localizations. 
Because of this reason, we denote by A(G)s the left (or right) localization 
of A(G) with respect to S. 

The canonical 0re sets and their properties are discussed well in [CFKSVJ , 
§2. Here we use the following two properties: 

Proposition 2.2. Let G be a compact p-adic Lie group and S the canonical 
0re set for it. 

(1) The localized Iwasawa algebra A(G)s is semi-local. 

(2) The elements of S are non-zero divisors in A(G). 

Proof. ( 1) See [CFKSVj . Proposition 4.2. 
(2) See [CFKSVj . Theorem 2.4. 

□ 

Note that we have the canonical surjection A(G)g — > Ki(A(G)s) by 
Proposition 11.71 (1) and Proposition 12.21 (1). Also note that by Proposition 
12.21 (2), we may consider the localization sequence for the 0re localization 
A(G) -» A(G) S (Theorem [L22]). 

Remark 2.3. Assume that G has no p-torsion elements. In this case we 
often use 

S* = (J P n S 

n>0 

in place of S, as is remarked in [CFKSVj . We may identify K (A(G), A(G)s* ) 
with Kq(9JIs* (A(G))) where 9Jl5*(A(G)) is the category of finitely generated 
left 5*-torsion A(G)-modules. 



Since the definition of S depends on the subgroup H, we should call S the canonical 
0re set for (G, H). But by abuse of notation, we often call 5 the canonical 0re set for G 
when the subgroup H is fixed. 
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But in our case (See § 3), G has many p-torsion elements. Therefore we 
have to treat derived categories of complexes of finitely generated modules. 

Now let us consider the localization exact sequence (Theorem ll.22p for 
A(G) -> A(G) S : 

(2.1) 

K X {A{G)) - #i(A(G)s) ^ K (A(G),A(G) 5 ) - #o(A(G)) - tt (A(G)s). 
Proposition 2.4. T/ie connecting homomorphism d in (\2.1$ is surjective. 

Therefore, for an arbitrary element [<£] G ifo(A(G), A(G)s), there exists 
an element / G ifi(A(G)s) which satisfies d(f) = — [<£]. 

Definition 2.5 (Characteristic element). Let [£] G iT (A(G), A(G)s). We 
call an element / of Ki(A(G)s) a characteristic element of [<£] if / satisfies 
d(f) = -[£}■ 

Remark 2.6. By the localization exact sequence, characteristic elements of 
[(£] are determined up to multiplication by elements of K±(A(G)). 

Proof of Proposition \2.4\ We may prove this proposition by the almost same 
argument as the proof of Proposition 3.4 in [CFKSVJ. 

Though we assume that G has no p-torsion elements in the proof of Propo- 
sition 3.4 in [CFKSVJ, this assumption is used only to avoid treating com- 
plexes directly (this point is also remarked in [CFKSV] ). For each complex 
£ = <t , its canonical image in Kq(A(G)) is l) l [<£ 1 ]. By using this fact 

and translating A, t, e in [CFKSVJ appropriately, we may apply their proof of 
Proposition 3.4 in [CFKSVj to the case where G has p-torsion elements. □ 

Example 2.7. Let us consider the classical Iwasawa Z p -extension case: G = 
r, H = {1} and A(r) 9* Z p [[T]]; t 1 + T. 

In this case, by p-adic Weierstrass' preparation theorem, we have 

f(T) = u{T)p n g{T) 

for an arbitrary non-zero element f(T) G Z P [[T]], where u{T) G Z p [[T]] x , 
n G Z>o, and g G Z p [T] is a distinguished polynomial. Hence A(r)/A(r)/ 
is finitely generated over Z p if and only if p \ f (or equivalently n = 0). 
Therefore the canonical 0re set S is A(r) \ pA(r). 

Since T has no p-torsion elements, we may consider the 0re set S* as 
in Remark 12.31 It is easy to see that in this case S* is the subset of A(r) 
consisting of all non-zero elements. Therefore A(r)s* coincides with the 
fractional field Frac(A(r)). 

Furthermore, since A(r) is local and commutative, we have 

iTi(A(r)) =A(r) x and Ki(A(T) s *) = Frac(A(r)) x . 
Hence the localization exact sequence is described as follows: 

A(r) x - Frac(A(r)) x ^ K (M toi (A(T))) -» 0, 

where S0Ttor(A(r)) is the category of all finitely generated torsion A(r)- 
modules. The connecting homomorphism d is characterized by d(f) = 
[A(r)/A(r)/] for / G A(r) \ {0} in this (abelian) case. 
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Let M be an arbitrary finitely generated torsion A(T)-module. Then by 
the famous structure theorem of finitely generated torsion A(T)-modules, 
there exist £ A(T) \ {0} (1 < % < N) and satisfy 

A' 

M ~0A(r)/A(r)/j (pseudo-isomorphic) 
i=i 

where the image of each fi in Z p [[T]] is a non-invertible polynomial. Since 
the image of every pseudo-null A(r)-module in i^o(3^tor(A(r))) vanishes 
(See |Sch-Ven] ) . we have 

N 

[M] = j2im/Hm]- 

i=l 

Hence, by the explicit description of d, we have 

d(f M ) = [M] 

where Jm = II^=i fi {the characteristic polynomial of M). /m is determined 
up to multiplication by an element of A(r) x . 

The calculation above shows that the characteristic elements in [CFKSVJ 
are generalized notion of the classical characteristic polynomials. 

2.2. The non-commutative Iwasawa main conjecture for totally 
real fields. Now let us review the formulation of the non-commutative 
Iwasawa main conjecture in the sense of [CFKSV]. 

Fix a prime number p ^ 2. Let F be a totally real number field and F°° /F 
a Galois extension of infinite degree satisfying the following conditions^] 

(1) The Galois group G = G&^F 00 / F) is a compact p-adic Lie group. 

(2) Only finitely many primes of F ramify in F°°. 

(3) F°° is totally real and contains the cyclotomic Z p -extension F CJC of 
F. 

Fix a finite set S of primes of F containing all primes which ramify in 
F°°. 

Definition 2.8. Under the conditions above, we define the complex C by 

C — C pec J p 

= i?Hom(i?r 6t (Spec O f ™ [1/E], Q„/Zp), Qp/Zp). 

Here is the global section functor for etale topology. 

Note that H°(C) = Z p , i?- x (C) = Ga^Afs/F 00 ) where M s is the max- 
imal abelian pro-p extension of F°° unramified outside S, and H n {C) = 
for n ^ 0, -1. We denote Gal(M s /F°°) by X^F°°/F). 

Now set H = Gal(F°° / F c y Q ) and T = Gal(F c y c /F) =i Z p . Then if [C] is 
an element of Kq(A(G), A(G)s), we can apply the results of §2.1 to [C] and 
obtain a characteristic element for F°° /F as a characteristic element of [C] . 

Conjecture 2.9. [C] is always an element of Kq(A(G), A(G)s). In other 
words, Xy,(F°°/F) is of S -torsion. 

4 Since the Galois extension we will consider has p-torsion elements, we need to weaken 
the conditions in [CFKSV] . See [Katol] §2 and [Fu-Ka| §4.3. 



22 TAKASHI HARA 

Proposition 2.10. Let G' C G be a pro-p subgroup of G and let F' be 

the maximal intermediate field of F°° / F fixed by G' , then the followings are 
equivalent: 

(1) X S (F°°/F) is ofS-torsion. 

(2) p(F' cyc I F') = where fi is the ^-invariant. 

In particular, if the following condition (*) is satisfied, Xy,{F°° / F) is of 
S -torsion: 

(*) There exists a finite subextension F' of F°° such that 
Gal(F°°/F') is pro-p and p{F' cyc / F') = 0. 

Proof. This proposition is a variant of |Ha-Sh| . Lemma 3.4. □ 

For the /^-invariants of cyclotomic Z p -extensions, Kenkichi Iwasawa con- 
jectured: 

Conjecture 2.11 (Iwasawa's p = conjecture). For every number field K , 
fi(K c y c /K) = 0. 

Corollary 2.12. Assume that Iwasawa's p = conjecture is true, then 
Xs(F°° I F) is always of S -torsion. 

Corollary 2.13. Let K/Q be a finite abelian extension. Then Xy,(K°° / K) 
is of S-torsion. 

Proof. p(K cyc j K) = by Ferrero-Washington's theorem f [FWj ). □ 

In the following, we always assume the condition (*) in Proposition 12.101 

Now we define the "p-adic zeta function" as an element of K\(A(G)s)- 
Let 

P- G — ► GL rf (Q) — > GL d (Q p ) 

be an arbitrary Artin representation (that is, p(G) C GL^(Q) is a finite 
subgroup). Then their exists a finite extension E of Q p such that GLa(E) 
contains the image of p, and p induces a ring homomorphism 

p . A(G) — ► M d (E) 

This also induces a homomorphism of AT-groups 

ev p : Ki(A(G)) — K^M^E)) ^ K^E) E x 

where the isomorphism Ki(M c i(E)) — > Ki(E) is given by the Morita equiv- 
alence between Md(E) and E. Composing this with the natural inclusion 
E x — > Qp , we obtain the map 

ev p : Ki(A(G)) — > Qp. 

As is discussed in [CFKSVj §2, this map can be extended to 

ev p : K 1 (A(G)s) ^ Q p U {oo}. 

We call ev p the evaluation map at p. We denote ev p (f) by f(p) for every 
/ e #i(A(G)s). 
Let 

k: Gal(F(/i p0 o)/F) — ► Z/ 
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be the p-adic cyclotomic character. Then for every positive integer r divisible 
by p — 1, k v factors T = Gal(F cyc /F). Therefore we may extend the domain 
of k t to G by 

G = Gal(F°°/F) -> Gal(F cyc /F) ^ Z p x 
where the first map is the canonical surjection. 

Definition 2.14 (p-adic zeta function). If Cf^/f G Ki(A(G)s) satisfies 

(2.2) £ FO o /F (p®K r ) = L s (l-r;F°°/F,p) 

for every positive integer r divisible by p — 1 and for an arbitrary Artin 
representation p of G, we call Cf°°/f the p-adic zeta function for F°° / ' F. 

Here L%(s; F°° / F, p) is the complex Artin L-function of p in which the 
Euler factors at £ are removed. 

Conjecture 2.15. Let F°° / F be as above. 

(1) {The existence and the uniqueness of the p-adic zeta function) 

The p-adic zeta function £,f°°/f f or F°°/F exists uniquely. 

(2) (The non- commutative Iwasawa main conjecture) 

The p-adic zeta function / p satisfies d(£px/p) = —[Cpoo/p]. 

Remark 2.16 (The abelian case). Let G = G&1(F°° / F) be an abelian p- 
adic Lie group. In this case, Coates observed that if certain congruences 
among the special values of the partial zeta functions were proven, we could 
construct the p-adic L-function for F°° /F (See [Coatesj . Hypotheses (H n ) 
and (Co)). These congruences were proven by Deligne and Ribet using the 
deep result about Hilbert-Blumenthal modular varieties ( |De-Ri| ). 

Using the Deligne-Ribet's congruences, Serre constructed the element 
^pocjp of Prac(A(G)) which satisfied the following two properties (Serre's 
p-adic zeta pseudomeasure |Serre2| for F°°/F, also see $7|). 

(1) For an arbitrary element g of G, (1 — <?)£i?oc jp is contained in A(G). 

(2) ^Faojp satisfies the interpolation property (|2.2p . 

Remark 2.17. The non-commutative Iwasawa main conjecture which we 
introduced here was established first by Coates, Fukaya, Kato, Sujatha 
and Venjakob for elliptic curves without complex multiplication (the GL2- 
conjecture) in [CFKSV| . For more precise statements, see j CFKSV| . 

In [Fu-Kaj . Fukaya and Kato established the main conjecture for gen- 
eral cases and showed the compatibility of the main conjecture with the 
equivariant Tamagawa number conjecture. 

3. The main theorem and Burns' technique 

3.1. The main theorem. Fix a prime number p. We consider the one 
dimensional p-adic Lie group G = G f xT where 

/l ¥ p ¥ p ¥ p \ 

Gf = 



1 F p F p 
1 F p 



(finite part of G) 



\0 1 j 

and r is a commutative p-adic Lie group isomorphic to Z p (See §0.3). 
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In the following, we fix generators of G* and denote them by 



7 = 



/l 


1 

_L 


n 
u 


o\ 




/i 





n 


U 1 





1 








p = 
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I 











1 











I 













lj 

/ 




\ 








1/ 


/I 
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n 


o\ 
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1 
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U 1 





1 













l 














1 


1 


5 = 








I 





v° 








V 




\o 








V 


(I 








°^ 




A 








i\ 





1 





I 


( = 





1 














1 











I 













V 




V> 








V 



Then the center of is (£) and there are four non-trivial fundamental 
relations of G? : 

[a, 0\ = 5, [P, 7] = e, 

[a,e]=(, [<S,l]=C, 

where [x,y] = xyx~^y~ x is the commutator of x and y. Other commutators 
among a, /?,..., £ are 1. We always denote the indices of «,/?,...,£ by 
a,b, . . . , f . Note that G satisfies the conditions in §2 for H = G*. We also 
assume that p 7^ 2,3. Under this assumption, the exponent of the group G* 
is p. 

Let F be a totally real number field and F°° a Galois extension of F 
satisfying Gal(-F°°/-F) = G and the condition (*) in Proposition 12,101 that 
is, there exists an intermediate field F°°/F' /F such that F' /F is finite and 
the //-invariant fi {{F') CJC / F 1 ) equals to zero. 

Theorem 3.1. Under the notation and the assumptions as above, thep-adic 
zeta function Cf^/f f or F°°/F exists and the main conjecture (Conjecture 
ESI (2)) is true. 

Remark 3.2. In this paper we do not discuss the uniqueness of t,pxip. 
Also see Remark 15.151 

3.2. Burns' technique. In this subsection, let F°° /F be a general p-adic 
Lie extension of a totally real field F satisfying the conditions in §2.2. Put 
G = Gal(F°°/F). 

Let ^ be a family of pairs (U,V) where U is an open subgroup of G 
and V is an open subgroup of H such that V is normal in U and U/V is 
commutative. 

For J, we assume the following hypothesis: 

(b) For an arbitrary Artin representation p of G, p is a Z- 
linear combination of induced representations Indy.(xj), as 
a virtual representation, where (Uj,Vj) is an element of J 
and Xj is a character of Uj/Vj of finite order. 
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In the following, we fix a family J satisfying the hypothesis (b). For every 
(U, V) G we have a homomorphism 

6 uy : #i(A(G)) -^A(U/V) X 

which is the composite of the norm map of A'-groups (see § 1.2) 

Nr A( G)/A([7) = #i(A(G)) — #i(A(E/)) 

and the canonical homomorphism 

K X (A(C/)) — > K X {K{U/V)) = A(U/V)\ 

Let £ be the canonical 0re set for G. Then similarly we have a homo- 
morphism 

9s,u,v- #i(A(G)s) -^k{U/V)*. 
Here we also denote the canonical 0re set for U /V by the same symbol 
S by abuse of notation. 
Set 

e = {Bu ! v\ uy) ^:K 1 {K{G))^ \{ A(U/V)* 

(u,v)es 

and 

0s = (e S ,u,v)(u,V)ef-Ki(MG)s)-> U H u / V )s- 

(uy)es 

Let ^fs be a subgroup of 11(1/ v)e5 M^V^Os anc ^ ^ 

^ = ^ 5 n A([//y) x . 

(t/,V)6ff 

Definition 3.3 (The theta map, |Katol| §2.4). Let G, $, 9 S , 9, $? s and * 
be as above. 

If 9 and 6s satisfy 

(0-1) Imaged) C *<j, 
(6-2) lmage(0) = 

we call the induced surjective homomorphism 

0: Ki(A(G)) — ► $ 
i/ie t/ieta map for the group G, and call the induced homomorphism 

6 S : Kl (A(G)s)^y S 
the localized theta map for the group G. 

For (U, V) € 5, let Fjj (resp. Fy) be the maximal subgroup of F°° fixed by 
U (resp. V). Since Gal(Fy / Fu) — U/V is abelian, the p-adic zeta function 
(pseudomeasure) £u,V G Frac(A([7/V)) for Fy/Fjj (see Remark |2. 16j) exists. 

Theorem 3.4 (Burns, [Katol] Proposition 2.5). Let G be a compact p-adic 
Lie group. Assume that the theta map 6 and its localized version 6$ for G 
exist, and also assume that (£,u,v)(u,V)£$ * s contained in ^$>s- 

Then the p-adic zeta function ^f^/f f or F°°/F exists and satisfies the 
main conjecture. 

Moreover, if 9 is injective, Cf°°/F i> s determined uniquely. 
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Proof. Let / G K±(A(G)s) be an arbitrary characteristic element for F°°/F. 
Significantly, / is an element of Kx(A(G)g) which satisfies d(f) = — [Cpoa/p]. 

Put f uy = 9 s ,u,v{f) and [C uy ] = uy {\C\) for each (U, V) G Set 
u u,v = £u,vfuv- Since the Iwasawa main conjecture is true for abelian 
extensions of totally real fields ( [Wiles] ) . we have <9(£c/y) = — [C^y]. Hence 
we obtain d(ujj,v) = 0. By the localization exact sequence (Theorem ll.22p . 
we have uu,v G A(U/V) X . 

On the other hand, since (fu,v)(u,V)e3 e Imagers) C ^5 by the condi- 
tion ($-1) and (£u,v)(u,V)e3 e by assumption, (it[/,v)([/,v)e5 ^ s an element 
of *S>s- Therefore by the definition of 'J, we have 

(uu,v)(u,V)e$ 6 * = *5 n A(t//y) x . 

By the condition (6-2), there exists an element u of iTi(A(G)) which 
satisfies 9uy(u) = ujjy. We denote the image of u in Jfi(A(G)s) by the 
same symbol u. Put Cf^/f = n /- Since u is an element of K\(A(G)), we 
have d(u) = 0. Therefore 

d(^/ F ) = d(uf) = d(u) + d(f) = d(f) = -[C\. 

This implies that £f°°/f is also a characteristic element of [C]. 
By the construction of £,F°°/F: h is clear that 

(3-1) 6s,u,v(£,f°°/f) = iuy- 

Finally, we prove that £,f°°/f satisfies the interpolation property (12. 2|) , 
Since £u,v is the p-adic zeta function for Fy/Fu, it satisfies the following 
interpolating property: 

(3.2) tuy{x®K r ) =L E (l-r;F v /Fu,x) for r G N, (p - 1) | r 

where x is an arbitrary character of finite index of U /V. 

By the hypothesis (b), an arbitrary Artin representation p is written in 
the form 

p= E E 4Wg(4V) 

(t/,V)effieJc;,v 

where i^y is a index set, a[/y is an integer (assume all but finitely many 
a^jy are zero), and Xuv ^ s a character of finite index of U/V. Then we have 
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(0 



(by flSUl) 
(by m) 



= n n w(o(xgv®« r )^ 

(C/,V)6S-i6/c/,v 

= n n ^(xgv®« r )^ 

(!7,y)e5ie/c/,v 

= II II L^l-r-Fy/FuJSyT^ 

(U,V)£3i£lu,v 

= Lx[l-r;F°°/F, Y, E a uy^u(x%) 

= LxO--r;F°°/F,p), 

here the first equality follows from the definition of the evaluation maps, 
and the fifth equality follows from the compatibility of Artin L-functions 
with direct sum of representations. 

The second equality follows from the next lemma (Lemma 13. 5p . 

Note that if 6 is injective, the element u above is determined uniquely, so 
is£p<x>/ F . □ 

Lemma 3.5. Let (U, V) is an element of$. Then for an arbitrary character 
X of U/V , the following diagram commutes. 



Ki(A(G) s ) 



K 1 (A(U/V) S )=A(U/Vr s 



eV Indg(x) 




Q P U {oo} 

Proof. We will show the integral version of this lemma. In other words, we 
will prove the commutativity of the following diagram: 



Ki(HG)) 



K 1 (A(U/V))=A(U/Vy 




Let W be the representation space of Ind^(x) over Q and let W be that 
of x- Suppose that Encl^W) (resp. Endq^W)) acts on W (resp. W) from 
the right. 

Then by the definition of evaluation map, we obtain 

; (x) = [W® A[G) -]. 



eV Indf 

On the other hand, we have 

W W ® A (I7/V) A(G) 
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by the definition of induced representations, therefore we have 
eV Indg( x ) = [ w> ®A(uyv) (a(c//v)A(G , ) a(g) ) ® A(G) -] , 

and the right hand side is nothing but the definition of ev x o 6u,v- 

It is not difficult to generalize this result to the localized version. □ 

Kazuya Kato has constructed the theta maps for p-adic Lie groups of 
Heisenberg type ( [Katol| . see also §8.1) and for certain open subgroups of 
Z p x k Zj, ( |Kato2| ). Kakde also constructed the theta map for the p-adic 
Lie group H x V of "special type" where H is a compact pro-p abelian p-adic 
Lie group. He used the method of Kato in |Katol| (See [Kakde]). 

In our case G = G* x T, it is difficult to show that (£u,v)(u,V)e3 e 
(See §7 and §8), so we should modify the proof of this proposition to show 
our main theorem (Theorem 13. lj) . But this technique gives us the ideas how 
to reduce the difficulties come from non-commutativity to the conditions of 
commutative cases. 



4. The additive theta map 

In the following three sections, we construct the theta map (and its lo- 
calized version) for the group G = G* x V. First, we construct a family 
5" = {(Ui,Vi)} which satisfies the hypothesis (b) of §3.2. Then we define a 
Zp-module homomorphism 

6 + : Zp[[Conj(G)]] -^H^Wi/Vi]] 

i 

and characterize its image fi. We show that 6 + induces an isomorphism 
from Z p [[Conj(G)]] to 0, which we call the additive theta map for the group 
G. 



4.1. Construction of the family 5- First, we define subgroups H and iV 
of G* as follows: 



H 



(l F p Fp 0\ 

1 Fp 

10 

\0 1/ 



N 



/I Fp\ 
1 Fp 
1 F K 



\0 1 / 

Note that N is abelian and normal in G. There are canonical isomorphisms 



H 





¥ P 







1 


Fp 











N 



% 
F, 
>F r . 



fl 


a 


d 







1 


b 











1 













V 


fl 








A 





1 





e 








1 


c 


^ 








V 





a 


d 





1 


b 
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By the isomorphisms above, we identify H with I 1 ¥ p I and N 







% 

with | ¥ p 
,¥ P/ 



Then is represented as a semi-direct product 
Gf 





n 










= H \x N = 





1 


F 


H 


f p 













VF P y 



where acts on iV from the left as ordinary product of matrices. 

From representation theory of semi-direct products of finite groups (See 
[Serrel] . Chapitre 8.2), all irreducible representations of G$ are obtained 
from representations of H and those of N. Let us review this construction. 

First, let X(N) be the character group of the abelian group ./V: 

< i, j, k < p — 1 




X(N) = Xijk 



where Xijk | | e ) ) = exp (fi + ej + ck)j (c, e, / G F 

The group -ff acts on X(N) from the right by 

(x * h){ n ) = x{hn) for all n £ N 
where h S H and x £ X{N). Specifically, 

/l a d\ (la 

Xijk * 1 6 = Xi,ai+j,di+bj+k for every 1 6 ) e H 
\0 1/ \0 

where Xr/fc £ X(N). Then we have 

Xoofc (0 <k <p-l), xojo (l<i<p-l), X;oo (l<i<P~l) 

as a system of representatives for the orbital decomposition X(N)/H. 

Next, let Hijk be the isotropic subgroup of H at each Xijk- Then for each 
representative above, we have 

H 00k = H = H (0<fc<p-l), 

/if F \ 

H 0j0 = H 1 = 1 0| (l<j<p-l), 




H m = H 2 = 1 F p (l<i<p-l). 



Let G f e = H e tx N for £ = 0, 1, 2. Then we may extend the domain of the 
character xoofe (resp. xojo, Xioo) to (resp. G{, G f 2 ) by setting 

XoofcOo") = Xook(n), Xojoihn) = Xojo{n), Xioo(^3") = Xioo(n) 
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where kg G H((£ = 0, 1, 2) and n G N. Note that each xoofc (resp. XojO; X«oo) 
is a character of degree 1 of the group Gq (resp. G{, G 2 )- 

Now let pi (I = 0, 1,2) be an arbitrary irreducible representation of Hg. 
Then we obtain an irreducible representation of by composing pg with 
the canonical projection — > Hg, which we also denote by pg. Consider 
the tensor products of representations xoofc ® Po (resp. xojo 8> Pi) Xioo ® P2), 
and let 

0k, Po = Ind^(xoofc ® Po) = Xoofc ® Po, 
j,Pi = lnd Q f f(xojo ®Pi), 
0i,p 2 = Ind^(xioo ®P2)- 

Proposition 4.1. Suppose < k < p— 1, 1 < j < p — 1 and 1 < £ < p — 1. 

Ze£ 6e an irreducible representation of Hp. Then each 0k, Po , @j,pn &i,p2 
is an irreducible representation of G* . Moreover, an arbitrary irreducible 
representation of G* is isomorphic to one of the 6k, p , &j,pu ®i,p2- 

Proof. See [Serrelj . Chapitre 8.2 (for irreducibility of each 6, we use Mackey's 
irreducibility criterion). □ 



Note that Hi and Hi are abelian groups, so if we set 



U 



U 



H\ x N 



Ho x N 



(l ¥ p \ 

1 F p F p 



\0 



F rt 



J 



V{ = {h} K 




(1 


¥ P 


¥ P 






(I 








F P \ 





1 





F p 







1 














1 


F p 










1 


Fp 


v° 








1 J 




V° 












(\ o\ 

1 Fp 

1 Fp 

\o o o 1 y 



each irreducible representation ^ jPl (resp. 6i, P2 ) is obtained as the induced 
representation Indf l (x'i) (resp. Ind^/(x 2 )) where x'i (resp. X2) is a certain 

character of U[/V{ (resp. U[ /V^) of finite order. 

On the other hand, we may regard Hq{= H) as a semi-direct product 



H 



1 ¥ A x (Fp Fp); [J 1 6 
' \0 1/ 



1 6 
1 



(a d) 
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where ^ ^ G ^ acts on (a <i) G (F p F p ) from the left by 

^ ^ * (a <i) = (a ^ ^ (ordinary product of matrices). 



Let 



Ui 1 = H V H = {I 2 } k (0 F p ) 

'l F„ 




v 

1 
,0 1 



Ui = {h} x (F P F p ) = {h} x (0 0) 

= TO, 



then by an argument similar to above, every irreducible representation of H 
is obtained as the induced representation Ind^ ff (x^)(^ = Oorl) where xe is 

a certain character of XJf /V £ H . Therefore if we set 



U* = x N 



G, 



U{ = U{* kN 



(I F p Fp Fp\ 

1 Fp 

1 Fp 

\0 1 ) 











K l 










*S> 




(I 





Fp 







1 





Fp 








1 













1 ) 










"1 


Co) 













(\ Fp\ 

1 Fp 

10 

\0 1 / 



each irreducible representation 9k, Po is obtained as the induced representa- 
tion Ind^(xo) (resp. Ind^/(xi)) where xo (resp. x'i) 1S a certain character 

of t^/V^ (resp. U(/V{') of finite order. 

Let V/ = V{ (~l y/' = (C). Then by the argument above, every irreducible 
representation of is obtained as the induced representation of a certain 
character Xi £ /^/) where X(C// /V^ ) is the character group of the 

abelian group u{ /v/ . Hence & = {(U$,V f ), (U{ , V/), (U{,V^)} satisfies 
the hypothesis (b) for the group GL 
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f 1 













1 





¥ p 








1 













1 J 



For certain technical reasons, we replace V 2 by 



V{ = {h} x 



and add following subgroups to our family 5^ 

'I F. 
1 
K 

/I 



p 



1 

\0 



F. 
1 

F p 
F„ F, 



K iV 



F 5 



/ 



F P \ 



F 



p 
1 J 



U( = {h} x N 

/l F p \ 

1 F F 

1 F 

\0 



v 3 




p 



U4>- 



Note that V 2 (resp. V2 , V/) is normal in Jj{ (resp. ^2 > ^3 ) an d ^2/^2 

— / — / f f 
(resp. C/2 /V2 , /V3 ) is abelian. 

For each i (including and V2), let 

u l = u( x r, ^ = x {1} 

and let # = {{Ui, V$)}j. It is clear that $ satisfies the hypothesis (b) for the 
group G. 

4.2. Construction of the isomorphism 9 + . In the following, we denote 

nzpipyv;]] = z p [[Uo/v }] x z^pi/Vi]] 

i 

x Z P [[U2/V 2 ]} x Z P [[U 2 /V 2 }} x Z p [[t/ 3 /^]] 

and we use the notation Ui (resp. Vj) for one of the subgroups Uo,U±,U 2 , U 2 
and f7 3 (resp. V ,Vi,V 2 ,V 2 and V3). 

For an arbitrary finite group F, we denote by Z p [Conj(F)] the free Z p - 
module of finite rank with free bases Conj(i ? ). For an arbitrary pro- finite 
group P, let Z p [[Conj(P)]] be the projective limit of the free Z p -modules 
Zp[Conj(PA)] over finite quotient groups P\ of P. 

Let {u±,u 2 , . . . ,u ri } C G be a system of representatives of the coset 
decomposition G/Ui for each i. Then for an arbitrary conjugacy class 
[g] G Conj(G), set 

Tr^b]) =£>([<?]) 
j'=i 

where Tj([g]) = [u~ 1 guj] if u~ l guj is contained in f/j, and Tj-Qg]) = oth- 
erwise. It is easy to see that Trj([g]) is independent of the choice of the 
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representatives {uj} r - l =l , therefore Trj induces a well-defined Z p -module ho- 
momorphism 

Tr,: Zp[[Conj(G)]] — ^[[Con^Oi)]], 

which we call the trace homomorphism from Z p [[Conj(G)]] to Z p [[Conj([/j)]]. 

We define the homomorphism Of as the composition of the trace map Tr^ 
and the natural surjection 

Z^Con^)]] — ZpWUi/Vi}}. 



Now let us calculate Of ([go]) for [go] £ Conj(G^). Here we regard [go] as 
an element ([go],0) contained in Conj(G) = Conj(G^) x Conj(r). 

Here we only compute Of ([go])- We may take {a J S k \ < j, k < p — 1} as 

/l a d f\ 

a system of representatives of GjXJi- If go z ' 



1c 
\0 1/ 



, we have 



(a^ k )- l go(^5 k ) 



(l a d — bj f — ej — ck\ 

1b e 

1 c 

\0 1 / 



This implies that (a 3 5 k )~ l go(a J 5 k ) is contained in U2 if and only if a = 
and d — bj = 0. 

First, suppose that a = and 6/0. Then there exists a unique j 
satisfying d — bj = 0. We denote this j by -. Then we have 



# 2 + (M) = £ 



fc=0 



e ■ f - cfc\ 



mod (e) 



_! A / 

16 e 

1 c 

\0 1 j 

/?V(1 + C + • • • + C^ 1 ) if c / 0, 
Pl3\ f ~ e -i ifc = 0. 



If a = 6 = and d / 0, (a J 5 fc ) ^of""^) is not contained in C/2 for each 
< j, k < p - 1, hence 0j(M) = 0. 
If a = b = d = 0, we have 



0f([9o]) 



p-i 

£ 

j,k=0 



mod (e) 



/l f-ej-ck\ 
10 e 
1 c 

\0 1 / 

p 2 C^ if c = e = 0, 

^(l + C + .-. + C^ 1 ) ifc/0, 

^(l + C + ... + C p_1 ) ifc = 0,e/0. 
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In this way, we have 
'0 



p-i) 



p 7 c (i + c + . . . + c p_1 : 

Ki + C + .-. + C^ 1 ) 



if a 7= or a = b = 0, d 7= 0, 
if a = 0,6 t^O, c t^O, 
if a = c = 0, 6 / 0, 
if a = 6 = d = 0,c/0, 
if a = b = c = d = 0, e^O, 
ifa = 6 = c = <i = e = 0. 



Similarly, we may take j/?- 7 | < j < p— 1} for a system of representatives 
of G/C/i, {at* | < j < p - 1} for that of G/U2, and {a^(3 k 5 e \ 0<j,k,£< 
p — 1} for that of G/U3. Using these representatives, we may calculate 
# + ([go]) as follows: 



Ci(a, b, c 
cu(a, c, d, e 
c m (a,e 
civ (6, c 

tv(b,f 

Cyi(c,d 

cvn(c 
c V iii(d, e 

cix(e 

cx(f 



0+: Zp[[Conj(G)]] ^H^Wi/Vi]} 

i 

= {a a (3 b -f c 5 d e e ( f | < d, e, / < p - 1} (a / 0, 6 / 0) 
^(a a /3V,0,0,0,0), 

= {aV^C 7 I < / < v ~ 1} (a/0,c/0) 
1 ^ (aV, a a 7 c 5 d e e /i £C5 - a , 0,0,0), 

= {aVtfV I < d, f < p - 1} (a / 0) 

1 ^ (a a , a a £ e /i 5 , 0,0,0), 

= {(3 b j c 5 d e e C f I < d, e, f < p - 1} (6 / 0, c / 0) 

~(/?V, 0, pf-fhs, A c ^c,o), 

= {pPS*^ 1 ' \f'-^e = f modp} (6/0) 

0, A^^'C^o), 

= {'fS d e e C , \0<e,f< P -l} ( c /0,d/0) 
^( 7 C , 7^,^7^,0,0), 

= {7 c e e C / |0<e,/<p-l} (c/0) 

^ (7 C , 7%, P7 C , Pl c h p-i c h £ h c ), 

= {5 d e e C f I < / < p - 1} (d / 0) 

^(l,^ e e ,^ d ,0,0) 

= {e e C / |0</<p-l} (e/0) 
^ (1, P£ e , P, Ph,p 2 e e h c ), 
= {C f } 

» (l,P,P,P 2 ( f ,P 3 ( f ), 



where for an element go G , /i 9o denotes an element 1 + <?o + So + • • • + <?o 1 
ofZp[[Conj(G)]]. 
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Now let us consider the finite quotients G^ = x T/T pn and Jjf 1 ^ = 
Ul x T/TP n . Then we have 

Zp[G( n >] Z„[G'] ® Zp Z p [T/T p \ 

^vVt ] m = Zpiul/v/} ® Zp z p [r/rv n }. 

Of induces a homomorphism 

of' (n) : Z p [G< n >] Z p [f/f n) /V-] 

which sends [gr] = ([go],**) G Conj(GW) = Conj(G') xT/V> n to (0+([<7o]), t z ). 
For example, we have 

+ 'W((cj(a, 6, c), t*)) = ((a°^7 c , (0, (0, (0, i 2 ), (0, f 2 )), 
and so on. 

We would like to characterize the image of + '( n \ 

Let if be the submodule of % p [uf /V/] defined as follows: 

// = [p5 d e e ,a a e e h 5 (a + 0),~/ c 5 d h £ (c + 0), a a j c S d e e h e c S - a (a + 0,c ^ 0)] Zp , 

4 = b 3 C / ,pV/ if (e/0), P7 c Mc(c/0)] Zp . 

Here we denote by [S]r the -R-submodule of M generated by S over 
where R is a commutative ring, M is an i?-module and S is a finite subset 
of M. Each // is a Z p -submodule of 1 p [uf /v/] generated by {Of ([go]) \ 
9o ' G J }. 

Let 

4 n) = // ® Zp Z p [T/^ n ] (c Z p [t/f V^]) 

and 

/ ! = Jim4 n) (CZ P [OT]). 

n 

For each i, Ii is the image of the homomorphism Of . 

Note that generators of 1^ (resp. I2 \ I^) above are Z p [r/r pn ]-linearly 

independent, but those of are not Z p [T/T pn ] -linearly independent, which 
have a relation 

P-i 

(4.1) ^pV^-J^C- 

f=o 

Definition 4.2. We define to be the Z p -submodule of JJZ p [[i/j/V£]] con- 

i 

sisting of all elements (2/0 > 2/1 > 2/2 > 2/2, 2/3) satisfying the following two condi- 
tions: 

(1) (trace relations) 

(rel-1) Tr Zp[[Uo/Vo]]/Zp[[Ul/Vo]] y = yi, 

(rel-2) Tl Zp[[Uo/Vo]]/Zp[[ u 2/Vo]] yo = 2/2, 

(rel-3) Tr Zp [[^/^]]/ Zp [[ [ / 2 /^]]y2 = 2/2, 
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HUo/Vq) 




HU3/V3) 

Figure 1. Trace and norm relations. 

(rel-4) Tr z p [p7i/%]]/Zp[[!7inc^/%]] 2/1 = ^^[[^/^j/z^n^/^]]^' 
(rel-5) Tr Zp [[ t/l /y l] ]/ Zj) [[ [ /3/y 1 ]]j/i = y 3 , 

(rel-6) TrjSpi^/Vjjjj/Zpf^g/yjj]]^ = 2/3- 
(These trace relations are described in Figure [TJ) 
(2) j/j G Ij for each i. 

Proposition-Definition 4.3. The homomorphism 9 + = [Of) induces an 
isomorphism 

e+: z p [[Conj(G)]] ^ n. 

We call this induced isomorphism 9 + the additive theta map for G. 

Proof. It is clear from the calculation above that 0, contains the image of 
9 + . Hence it is sufficient to prove its injectivity and surjectivity. 

We now show that 6 + induces an isomorphism on the finite quotients 

0+>W: Z p [Conj(G (rt) )] ^fiW, 

for every n > 1, where f^ n ) is defined to be the subgroup of TTZpfL^ /Vi] 

by the same conditions in Definition 14.21 Then by taking the projective 
limit, we obtain the desired isomorphism. 

To simplify the notation, we denote the induced homomorphism # + >( n ) by 
9 + in the following. 

• Injectivity. 

Let y £ Z p [Conj(G^ n ^)] be an element satisfying 6 + {y) = 0. Then 
from the hypothesis (b) for the family {(U- , Vi)}i0 an arbitrary 

^Recall that an arbitrary irreducible representation r of G^ = G 1 x T /T p is iso- 
morphic to p ® io n where p is an irreducible representation of G s and u> n is a character 
of r/r p . By the construction of Ui and Vi, an arbitrary irreducible representation p of 
G' is described as ^ a^Ind^/(x^) where af^ is an integer and is a character 
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irreducible representation of is isomorphic to a Z-linear com- 
bination (as a virtual representation) of Ind^[ n j (xi)' s where x% is a 

character of /Vi. We denote by Xi the character of the induced 
representation lnd G { n ](xi)- Then we have 

Xi(y) = E m [g] E Xi{u] l guj) = Xl ° Ofiy) 

[g]6Conj(GC«)) j,u~ x gu 3 &\ n) 

by the property of induced characters, where {ui, . . . , u Ti } is a system 
of representatives of G^ /U- n ^ and 



[g]6Conj(G(«)) 



On the other hand, Of{y) vanishes by assumption, hence Xi{y) = 
This implies that x(y) = f° r an arbitrary irreducible character x 
of GW. Since all irreducible characters of G^ form a dual basis of 
the Q p -vector space Q p ®z p Z p [Conj(G( ra ))], we may conclude that 
y = 0. 
• Surjectivity. 

Let (j/0) ViiVfii 2/2> 2/3) be an arbitrary element of fiW, then each yi 
is a Z p [r/r p "]-linear combination of generators of /} n ^: 

a,b,c 

y^E^^+E^^hs 

d,e aj^0,e 

+ E A 2V<^ + E ASSfaO-^w-, 
y 2 = E^ ) A c ^+E^S ) 7 c ^ 

+ E -LV^ + E 

Note that by the relation (jlTT) . ^(O < / < p - 1) and are 
not determined uniquely. 



of U( /V/ of finite index. Then we have r = p <g> w n = (£\ j o^Ind^ (x? 5 )) ® = 
£\ . op'lnd^( n ) (x^' ®Un). Xi,i ® w » i s a character of /Vi of finite index, hence 
{U- n \ Vi}i also satisfies the hypothesis (b) for the group G 1 -™'. 
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The trace relations in Definition ^. 21 (1) give linear relations among 
these coefficients. For example, let us describe the (rel-6) explicitly. 
Take {/J 7 | < j < p— 1} as a system of representatives of /U^ n \ 

Then for u 2 £ U^/V^ , f3~^U2^ is contained in ujf 1 ' /V2 if and only 
if b(u2) = where 

n 2 = /? fe(n2) 7 c(M2) C /(n2) mod(e). 
It is obvious that /3~ J U2P J = U2 when b(ii2) = 0. Therefore, 

^z p[ tf<"Vv 2 ]/z P [tf<">/v^ 2 =Y,P 2 ^ V ? + "o ] )C f 

f 

On the other hand, 

y 3 ^ P 2 E (p a f + a ^ f + E^V^c m od y 2 . 

By comparing these coefficients, we have 

(4.2) pvf+v™ = paf+Y,^ (0</<p-l), 

(4.3) i/W = a® (l<c<p-l). 
However, because of the relation (14. ip . we may change z^j. 1 ^ 

L 

/ 



z/^ + z and i/q — > Uq — pz for every z G Z p [r/r pn ]. Therefore in 
the equation (|4.2|) . we may choose v^P and i/q as they satisfy 



vf = °f (0</<P-l). 

-i 2) = E^ 2) - 

e^O 

Similarly, we can describe the other trace relations explicitly as 
follows: 

(rel-1) K000 = E X de> K a00 = E ^ ( fl ^ °)> 

k oo c = E a S } ( c ^°)' 

d 

«aO C = E A i 4 C L («^0,C^0), 

(rel-2) k 00c = E ^cd > K ofec = ^ Q>^0), 

d 

(rel-3) $=v® (6/0,c/0), 

,(1) _ Y^„(4) 
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(rel-5) \U=Y,v { f\\ { £=vi 2) (e ^ 0), 
/ 

AS=^ 3) (c^O), 

(rel-6) = a«, ^ 2) = „< 2) = (c / 0). 

e^O 

Then we may show by direct calculation, using the explicit trace 
relations above, that an element of Z p [Conj(G^ ra ))] 

y= E K abcii{a,b,c) + E A^ e cn(a,c,d,e) 
+ E Ai 2 e )ci„(a,e)+ £ m^civ^c) 

a^0,e b^0,c^0 

+ ^^) Cv (6,/)+ £ M 2cvi(c,d)+E^ 2 )c V ii(c) 
+ E A ie c viii(d, e) + E 4 2) cix(e) + E "?cx(f) 

d^0,e e^O / 

satisfies 0+{y) = (yo, 2/1,2/2, y2, 3/3)- 

Therefore 6* + induces an isomorphism between Zp[Conj(G( n ))] and Q,( n \ 

□ 



5. Translation into the multiplicative theta map 

In the previous section, we construct the additive theta map 9 + . Now we 
shall translate it into the multiplicative theta map 9. The main tool for this 
translation is the integral logarithmic homomorphism introduced in §1.3. 

Let 9i \ Ki(A(G)) — ► A(Ui/Vi) x be the composition of the norm homo- 
morphism of il~-groups 

Nr,: Ki(A(G)) — ► Ki(A(Ui)) 

and the natural homomorphism K 1 (A(U i )) — > K 1 (A(U i /V i )) = A(Ui/Vi) x 
induced by A(£/;) -► A{Ui/Vi). Set 

9 = (9i)i: #i(A(G)) ^Y[A(Ui/Vi) x . 

i 

Proposition-Definition 5.1 (The Frobenius homomorphism). For an ar- 
bitrary element g G G, set 

(5.1) <p(g)=g p - 

Then if induces a group homomorphism p: G — ► Y. We call this homo- 
morphism the Frobenius homomorphism. 

We denote the induced ring homomorphism A(G) — > A(r) by the same 
symbol p, and also call it the Frobenius homomorphism. 

Proof. Since the exponent of G? is exactly equal to p, we may decompose ip 
as follows: 
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G 

where tp: T — * V is the Frobenius endomorphism of T defined by i i — > and 
ttg is the canonical surjection. Hence p> is clearly a group homomorphism. 

□ 

Remark 5.2. In general, the correspondence (|5.ip does not induce a group 
homomorphism ip: G — ► G. 

In the following, we denote by the same symbol p> the induced ring ho- 
momorphism K{Ui/Vi) — > A(r). 

Definition 5.3. We define ^ to be the subgroup of J^J A(L^/V^) X consisting 

i 

of all elements (?7o, f7i, ??2, ?72> ??3) satisfying the following two conditions: 

(1) (norm relations) 

(rel-1) Nr AiUo/Vo)/A{Ul/Vo) r] = r/i, 
(rel-2) Nr A([/o/Vb)/A( ^ /yo) ^ = m , 

(rel-3) ^ A{ u 2/ v 2 )/A(u 2 /v 2 )^ = »»> 

(rel-4) Nr A (t/ 1 /\^)/A(;7 1 n^/^) ? ? 1 = ^A^/^/A^nfVV^) 7 ? 2 ' 
(rel-5) Nr A([/l/Vl) / A ( [/ 3/y l) ry 1 = r/ 3 , 
(rel-6) ^A(U2/V 2 )/A(U :i /V2)m = 773, 
(See Figure P). 

(2) (congruences) 

m = tp(ilo) mod/i, ff 2 = <p(rio) mod/2, 

2 

m = v(vo) p mod/ 2 , % = ¥?(??o) p mod/ 3 . 



Now let us recall the definition of norm maps of commutative rings: let 
R be a commutative ring and R' a commutative i?-algebra. Assume that R' 
is free and finitely generated as an i?-module. Then we define ^ri/r{u) to 
be the determinant of the multiplication-?/ homomorphism. 

Proposition 5.4. The homomorphism 9 induces a surjection 

(5.2) 0: #i(A(G)) 

In other words, 9 induces the {multiplicative) theta map for G (in the 
sense of Definition^: 



In the rest of this section, we prove Proposition 15.41 by using the additive 
theta map 9 + and the integral logarithmic homomorphisms. Since the in- 
tegral logarithmic homomorphisms are defined only for group rings of finite 
groups, we fix n > 1 and construct an isomorphism for finite quotients 

9^:K l (Z p [G^\)/SK l (Z p [G^}) ^ (c H^U™ /Vd) 
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where =G f x T/T p, \U^ = U{ X F/TP n , and f( n ) is the subgroup of 

YiMU^ /V t ] defined by the same conditions of Definition 15.31 Then we 
obtain the surjection (|5.2|) by taking the projective limit. 

To simplify the notation, we denote the theta map for by 6 in §5.1, 
§5.2, and §5.3. In §5.4, where we take the projective limit of theta maps, we 
denote the theta map for of by 0< n ) again. 

5.1. Logarithmic isomorphisms. In the following three subsections, we 
fix n > 1. 

For each i > 1, we define the ideal J- of Z p [77^ jV\\ as follows: 
4 n) = (h £]Sk (0<j,k<p-l)), J2 n) = (p,h s ), 

j^ = 4 n) = { P ,h,). 

Note that jf 1 contains /• . Since h £ o$o = p, j[ n ^ also contains p. 

(n) 

Lemma 5.5. For each i > 1, 1+ J- is a multiplicative group and the p-adic 
logarithmic homomorphism induces an isomorphism 1 + — > . 

Proof. Since J\ is an ideal, {j\ n) ) 2 C j\ n) . Therefore 1 + j\ n) is closed 
under multiplication. 

It is easy to calculate that h 2 = ph$ and h 2 = ph^. Then for J-i \ 

and J^ n \ we have (Jj ) 2 = pJf ■ For j[ n \ we have 



h £j s if (j, k) and (J', k') are Z-linearly independent, 
ph £ jgk otherwise, 

where 

h e ,s= £ eY. 
o<e,£'<p-i 

For each < j, k < p — 1, we have h £> $h £ j S k = ph £ ^ and h 2 s = p 2 h £j s 
(note that the exponent of ll{ /V/ is p). Thus we have 

(4 n) f = P (4 n) ) 2 c P j[ n \ 

Set N = 3 for i = 1 and N = 2 for other i. 

• The existence of inverse elements. 

By the argument above, we have y m G p m ~ N + 1 j^ f or an arbi- 

trary element and every m > N. Therefore, 

(5.3) {1 + yr i=J2(-l) m y m 

m>0 

converges in p-adically. 

• Convergence of logarithms. 

It is obvious that y m /m l nj\ n " > for 1 < m < N, and we have 

m m-N+ll 
V_ e P ,(„) Q j n) 

m m 
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r(n) 



for an arbitrary y € J^' and every m > N (here we use the fact 
that p / 0). Thus the logarithm log(l + y) = J2 m >i(~ l) m ~ 1 (y m /m<) 
converges p-adically in X • 

Since {(jf 1 } ) m } = p m {j\ n ] ) m (N- 1) C p m {j\ n) ) m , we may also 
show that 1 + C jf n ^ is a subgroup of 1 + and 



log (1 + Uf^)™) C (jf n) J for every m > 1, 

by the same argument as above. 
Logarithmic isomorphisms. 

(n) 

First note that p-adic topology and J- -adic topology are the 
same on j\ n) : this is because p m+1 j\ n) C (Myn+N-\ g p m J*> n) 



for every m > 1. Since is p-adically complete, it is also jj^- 
adically complete. Therefore to show that the logarithm induces an 
isomorphism 1 + ^ jjf 1 ' , it is sufficient to show that it induces 
an isomorphism 

log: (i + (jf n) n/(i + (4 n) r +1 ) ^ (jt ] r/(Ji n) r +1 

for each m > 1, and to prove this, it suffices to show that 
(5.4) y pk /p k e ( jf n) V n+1 for every 1 + y G 1 + ( J^)™ and k > 1. 



(/ \\ 771+1 / / \\ 771+1 

j\ j , we obtain y p *E p ( J- n 

(recall p / 2,3 by assumption). This implies (|5.4|) . 

□ 

fn) 

Lemma 5.6. For eac/i i > 1, 1 + J- is a multiplicative group and the 

(n) ~ (n) 

p-adic logarithmic homomorphism induces an isomorphism 1 + — ► ■ 

Remark 5.7. Since each V is not an ideal but only a Z p -submodule of 
Z p [u!> n) /Vi], it is not trivial even that 1 + 1^ is closed under multiplication. 

Proof. By direct calculation, we have 



W ) = [paV^W»,P^e e W» s aVM(«>c) / (0, 0))] Zp[r/rpn] , 
(T 2 (n) f = \p(3 b 7 c h 5 ,p 2 7 c 5 d ] Zp[r/rn , 
(4 n) ) 2 = \p(3 b Yh p 2 P b C f ] Zp[r/rn , 

(/ («))2 = tfCf^htrfYhehfop^, 

These results imply that (4™ } ) 2 C 4 n) Q Therefore, each 1 + I- is stable 
under multiplication. 



Tor recall that is also stable under the multiplication of S and e. 

Therefore we have P 5 d e e h e c S -a = <5 d ~ fc £ e+fc j p G and a a -y c h £tS = 
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Now let 



i l — i_ 



1 I 



/ 2 = [/3V^P7 C S kpir/rv 1 ], 
4 = [P^ 6 C / ,^7 c ^]z p [r/rp»], 
I3 = \p 3 ( f ,P 2 £ e hcP'y Ch £ h c]z P [T/TP n ]- 

Note that I- 5 , and by simple calculation we have (ij ) 3 = C 

p(/;) 2 for i = 1 and (/f n) ) 2 = (J^) 2 C p/^ for other i. 

Then we may show the existence of inverse elements of 1 + I[ and the 
logarithmic isomorphism log : 1 + I \ ^ I[ for each i by the same argument 
as the proof of Lemma [531 by replacing Jj by I(. Since (II) 2 C 1^ C J? 
and 4 n) is a closed subset of I-, the power series (1 + 2) 1 and the p- 
adic logarithm log(l + x) on 1 + /• converges into J- . Moreover since 
log: 1 + (I'j) k — > (I'i) k is an isomorphism for k = 1, 2 and 

log : 1 + /f Vl + (4) 2 — 4 n V(4) 2 ; 1 + tt - mod (4) 2 

is also an isomorphism, we may conclude that log : 1 + J. — ► l| n ^ is an 
isomorphism. □ 

5.2. v&W contains the image of 0. 

Lemma 5.8. TTie following diagram commutes for each i and n > 1 : 
^ l(Zp[G (n)]) Z p [Conj(GW)] 

r Zp[G(«)]/Zp[^ n 5] 



Tr Zp[G(™)]/Z p [^ n) ] 



K^U^)) — Z p [Conj([/f } )] 

log 



Proof. By the proof of Oli-Tayj, Theorem 1.4., the following diagram com- 
mutes. 

Kl(Zp [ G (n)]) Zp[Conj(G(»))] 

Nr 



Zp[G(")]/Zp[C7 ( ")] 



ifiCZp^]) — — Z p [Conj(£/f>)] 

log 

where i?': Z p [Conj(G^)] — > Z p [Conj(L^ ■*)] is defined as follows: for an 
arbitrary x € G^ n \ let {u[, . . . , u' s .} be a set of representatives of the double 

coset decomposition (x)\G^ /U- , and let 

J = {j\l<3< s h u>r l xu > e U^}. 



Then we define R'(x) = 



r-l 1 

Uj XUj . 



p-1 



^^(e c 5 _a J a a j c h E a S -a G /{"' where (a',c') 6 Z 2 is an arbitrary element Z-linearly 
1=0 J 
independent of (a, c). Therefore we have (l[ n ^) 2 C /-["'. 
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It suffices to show that 

( 5 - 5 ) R =Tr z p [GW]/z p [u( n) y 

but this is not difficult at all. 

Let {u'i, . . . , u' s .} be as above. Then we can write 

^ =\J(x)u^ = \J\J^ui n \ 

j k=0 j 

therefore it is clear that {x k u'j}o<k<p-i,j contains a set of representatives 
of the right coset decomposition G^ /U- n \ Moreover, since each UjU^ is 
disjoint, {u'j}j is a subset of representatives of /U- n \ 

(Case-1) G^ =[_\u' J Ui n) . 

j 

In this case, the desired equation (|5.5p is obvious by definition 

of R! and Tr. 

p-l 

(Case-2) G&> = \J '{Jx^^U^ . 

k=0 j 

Then by simple calculation 

r\x) = x;«rX = ;EEWrv«}) 

jeJ 1 k=oj£j 

It 

~p lr z P [GW]/Z p [C7^] X - 

On the other hand, recall that j £ J implies that xu'j is an ele- 
ment of UjUi . However, this is impossible since {ic fe Uj}o<fc<p-i,j 

is a set of representatives of G^ /uf 1 in this case. Therefore 
J = and R'{x) = Tr^^^x) = 0. 

□ 

Proposition 5.9. For an arbitrary element rj € Ki(Z p [G^]), the following 
equations hold: 

(Mr?) 

mm' 
mm' 

where T G („) : Ki(Z p [G^]) — ► Z p [Conj(G ( - n ))] is the integral logarithm for 
Q( n ) (Proposition-Definition 1 1 . 29b . 



&1 


o r G („; 


■(g) 


= lo; 




o r G („; 


■(g) 


= lo; 




o r G( „; 


■(g) 


= lo; 


01 


o r G( „; 


■(g) 


= lG| 
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Proof. This proposition follows from Lemma 15.81 and by following commu- 
tative diagrams: 



Z p [Conj(GW; 



Zp[Conj(G("))] 



,[U^/V ] Z p [Conj(GW)] ZpiU^/Vo] 



ZpP^/Vi] Z p [Conj(GW)] Z p [U 2 v ' l '/V 2 



Zp[Conj(GW)] Z P [C/ (n) /Vb] Z p [Conj(G(">)] Zp^Ao] 



/V 



Zp[CoDj(GW)] 



* 2 + 



TL v \U { 2 n) /V 2 ] Z p [Conj(GW)] 



These diagrams are easily checked for an arbitrary element of . Then 
we may calculate as 

9% o r G ( B) (r?) = 0$ {log 7] - ^(logfo)) 

= e+(log(r,))- P ip(9+(log( V )) 

= io g (9 2 ( v ))- P <p(iog(e ( v ))) 

= log 9 *™ 

here we use the diagram above for the second equality, and use Lemma 15.81 
for the third equality. The other equations may be derived similarly. 
Note that for an arbitrary y G Zp[£7- /Vi], we have 

</>(log(y)) = log <p(y) 

by the definition of the p-adic logarithms and the fact that the Frobenius 
homomorphism ip is a ring homomorphism on each Z p [U^ /Vj\ . □ 

Lemma 5.10. For an arbitrary element rj 6 i^i(Z p [G( ?1 -']) , the following 
congruences hold: 



mod J{ , 



Hv) = <pMt,)) 
h(v) = <p(Oo(v)) p 



mod J 2 
mod J, 



(») 



(n) 
2 ) 



mod J. 



(») 



Proof. We calculate the image of the theta map as in §1.2. 

In the following proof, we use the same notation r\ for a lift of rj to 
Z p [G^} x (Proposition 

• The congruences for 6\,0 2 . 

We only show the congruence for 9 2 . We may prove the congruence 
for 9\ in the same manner. 
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Since {a* | < i < p — l}isa Z p [[/2 ]-basis of Zp[GW], rj is 

(n) 

described as a Z p [[/2 J-linear combination as follows: 
p-l 

i=0 

Then we have 

p-i 

oPrj = ^^(a jf 7/ja~ jf ) • a J+J 
i=0 
p-l 

i=0 

— (n) • — -(n) ■ • 

where za,- : Z p [t/2 ] — > Z p [t/2 ];x i— > o^xa^. Here we consider the 

sub-index of r]i as an element of Z/pZ. By abuse of notation, we 

— ( n ) — 

denote the image of r/j in Z p [[/2 /V2] by the same symbol Then 
we may compute #2(7?) as follows: 

9 2 (i]) = det(t/j(rfi-j)) it j 

p-i 

= sgu(<7) n^(^O')-i) 
o-eSp i=o 

where 6 p is the permutation group of {0, 1, . . . ,p — 1} and P a = 



Now we have 



'Pa) = sgn(o-) Yl Vj+k(ria(j)-j) 



= sgn(cr) Y\ Vj(r](a(j-k)+k)-j)- 
j 

First Suppose that a does not satisfy 

a (j — k) + k = a(j) for each k £ Z/pZ, 

then 

Tk(j) = cr(j ~ k) + k, k G Z/pZ 
are distinct elements of S p and we have 

Here we use the fact sgn(cr) = sgn(rfc). This follows from the 
equation r& = o a o c^ 1 where Cfc(i) = i + k. 
The equation (|5.7p implies 

p— 1 p— l 



E^ e E^f^ ( "W) 
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(n) ~ 

Note that each v\. is a Zpft/^ /V^-linear map where 

~(n) — , — (n) — 

and Z p [C7 2 7V2] is generated by {/? | b G Z/pZ} over Z p [?7£ /V 2 ]. 

Since 

p-i 



k=0 

we may conclude that 
p-i 



p if 6 = 0, 

+ -5 + • • • ^f- 1 ) otherwise, 



1 — n \ / 



(n) 



k=0 

p-1 

This implies P Tfc G J 2 
fc=0 

Next assume a satisfies ()5.6|) . It is easy to see that all permuta- 
tions satisfying (|5.6p are 

c h (j)=j + h (0<h<p-l). 

For a = Ch, we have 

p—1 p— 1 

P Ch = sgn(c h ) Vj(Vc h (j)-j) = II "iW- 

i=0 i=0 

Note that since Ch (h 7^ 0) is a cyclic permutation of degree p, Ch 

is an even permutation, therefore sgn(c/ l ) = 1 for < h < p — 1. 

— ( n ) . — . 

Claim. For an arbitrary element x G Z p [C/2 /V2], 
p-i 

J~\_Vj(x) = (p(x) mod J 2 
j=0 

If this claim is true, we have 

p-i 

(n) 



9 2 {ri) = Y, P c h modJ 2 

h=0 

p—1 p—1 

= ^ Y[vj(Vh) modJ 2 
h=0j=0 



(n) 



p-1 

= y)(77 ft ) modJ 2 

h=0 

p-i 

^^(r^) modJ 2 (ni 

/i=0 

(n) 



= <p(ri) mod J 2 

and the congruence for 9 2 holds. 
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Now let 

JV 
e=i 

. — ,f n ) . — . 

where each X£ is a monomial of Z p [C/2 /V2]. Then 

p—1 p-l N 

i<4,...,4_i<iV 
i<e ,...,£ p . 1 <N 

Here we set Qi 0t .../ p _ 1 = vq{xi )v x {xi 1 ) ViK-i)' 

If £0 = l\ = ... = ip-i = A (constant), we obtain Q\,...,x = 

<p(x\) by easy calculation (here we use that the exponent of G* is 

p). Otherwise, each 

Q4,4+i,..,ViAA,.,4-i = Vt(fto,-,Vi) 
is a distinct term in the expansion (|5.9p . so we have 

fc=0 fc=o ^ ' 

which is contained in J2 by (|5.8jl . Hence, 



P_1 * ~ (n) 

J|vj(x) = ^92(2^) mod J 2 

3=0 A=i 

= y(x) mod J% \ 

and Claim is proven. 
• The congruence for 62- 

The basic strategy is essentially the same as the congruence for 
82, but since U2 is not a normal subgroup of G, the calculation is 
much more complicated. 

Since {q'^ | < i,j < p — 1} is a system of representatives of 

U^ n) \G^ and {/3 fc | < k < p - 1} is that of U^ n) \U^ n) , we can 
describe r\ in the following form: 

0<i,j,k<p— 1 
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where r^y* j s an element of Z P [U^]. Then we have 

0<i ,j,k<p— 1 

= E K^l>^V + ^' +m 

0<i,j,k<p— 1 

= E fE^m^-m-^)^)^' 
0<ij<p-l \fc=0 / 

where ve, m (x) = (a i 5 m )x(a e 5 m )~ 1 . We use the fundamental rela- 
tions [a, 5] = 1 and [a, (3\ = 5 for the second equality. 

Here we regard the sub-index i, j of r]f^ as an element of (Z/pZ)® 2 , 
and the upper- index (k) of it as an element of Z/pZ. We denote the 

image of r^y* in Z p [U^ /V^] by the same symbol rjfj . Then we 
obtain 

9 2 (v) = det (E^-KS)-^)-^,*))^) 

Vfc=0 / (i,j),(£,m) 

= E S 8 n ( ff ) II E^^lm)-^)-^))^ 



where ©□ is the permutation group of {(£, m) | < £, m < p — 1}. 
Now by using <5] = 1, we have 

= Sgn(<j) (E^w(^([lm)-(<,m)-(0 ) /fc))^ fc ) 
0<^,m<p-l \fc=0 / 

= sgn(<r) [] (E^^(%, m -^)+(o^))-(^ m )-(OA)) /3A; ) • 

0<^,ra<p-l \fc=0 / 

Therefore if u does not satisfy 
(5.10) a(£, m) = a(£, m — fi) + (0, fi) for each fi G Z/pZ, 

then 

r M (^, to) = cr(^, m — /i) + (0, p), p G Z/pZ 

are distinct elements of ©□, and we obtain 

p— l p— l 

(z p [u^/v 2 i), 

here we use the fact sgn(c) = sgn(r At ) which can be proven by the 
same argument as the case of 02- 
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Note that each vqu is a Zpft/g /V^-linear map where 

and Z p [[/ 2 (n) /V2] is generated by {j c \ c G Z/pZ} over Z p [^ (n) /^2] 
Since 



At=0 



p if c = 0, 

7 C (1 + C H h C p_1 ) otherwise, 



we may conclude that 

p-i 

„_ f u rrr( n ) r- /o 



(5.11) E^Kt^V^]) C 



p-1 



and this implies P Tfc G J2 (note that the argument up to here 

fc=0 

is almost the same as the case of 62)- 

Now suppose that a G ©□ satisfies (|5,10p . If we set a(£, 0) = 
(a£, then by (|5.10p we have 

<t(£, —fj) = (ag, bi — p) for each p G Z/pZ. 

This calculation implies that all permutations satisfying (|5.10p are 
described in the following forms: 

(5.12) c ath (e,m) = ( 8 (£),h t + m) 

where s is a permutation of {0, 1, ... ,p — 1} and h = (he)e is an 
element of (Z/pZ)® p . Then we have 



/p-i 

p c a , h = sgn(c S)h ) Yl XX^Jlt 

0<e,m<p-l \k=0 



% (£,rn)-(£,m)-(0,£k) 

',m<p 

/p-1 

sgn(s) H [J2 u ^%)-eM-m^ k 

0<£,m<p-l \k=0 



p-1 /p-1 \ 

= sgn(s) u efi I z/ ,m(Q s ,M) ) > 
e=o \m=0 / 

p-1 

where Q Sjh . ti = ^ tl^-t^-ik)^ ■ Note that s S n ( c s,ft) = sgn(s) p 
fc=o 

sgn(s) since p is odd. 

Since Q s ,h-,i is independent of m, we may prove 

p-i 

Y[ v o,m{Qs,h;i) = v{Qs,h-,e) mod J^ n) 

m=0 

in the same way as Claim above. 
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Therefore, 



s.h 

= ^ sgn(s) Yl "<,o(^fe,¥)) mod J 2 (n) 



s,h \i=0 / 

p-1 



= ^sgn(s)l £ H^il-t.hi-tkt))] modJ 2 n) 

s,h \0<k ,—,kp-i<p-l i=0 

(5.13) = R s ,h;koM,-,kp-i 
s,h,kg 



p-1 

where R s , h ;k ,-,k P -i = sgn(s) J| ^{vf 8 fe)-t,h t -tk t ))- We use the fact 

that u tt0 o(p = ip (recall p(Zp[t7 a (n) /Va]) C 1 P [T /T^\) for the second 
congruence. 

If s(i) — £ = A (constant), fco = ki = ■ ■ ■ = k p _\ and hi — £kp = 
/i (constant), that is, if s(£) = s\(£) = £ + A, kp = n for each £, and 
h = V« = + V)l for < k, A, /i < p — 1, we have R Sx ,h^ K ;K,...,K = 
V 9 ( 7 7am) P - Note that sgn(sA) = 1 because sa is a cyclic permutation 
of degree p. 

Otherwise, set 



ki w) = kp 



} ( w \£)=s(£ + w)-w, 
h^' = hi +w - wke +w 



for each < w < p — 1 . Then we have 

R s(0),h(0)-k ( °\...,k < p °2 1 =■■■ = R s (p-i),h(p-V-ki p - 1 \...M p P S 1 1) 



and R r , (w) ( W ) ,(w) (0 < w < p — 1) are distinct terms in the 
i,n y );k ,...,fe p _ 1 

expansion (I5.13p . Hence we have 



E^),^) ;fe r,..^ 1 G ^ [r(n) ^ J ^ ) - 

w=0 
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Therefore we have 
82(11)= E R s,h;ko,...,k p -i mod J, 



(n) 
2 



(n) 
2 



E Rs x ,h^ K ; K ,K,...,K mod J, 

0<A,/^,re<p— 1 

E mod 4* 



0<A,/i,re<p— 1 



£ V(r/S/3 K « A ^)J mod J, 

0<A,/^,K<p— 1 



= E fifr^A nrodJ^ 

yo<A,^,K<p-i y 

= (p(r]) p mod J2 ■ 

Note that since J% 5 P^pft^V^], we have 
(x + yf = x p + y p modJ 2 (n) . 

• The congruence for #3. 

We may show the congruence for #3 by an argument similar to 
that for #2- Moreover, the calculation for #3 is much simpler than 
the case for 62 since U3 is normal in G. Therefore we omit the proof. 

□ 

By Lemma 15.101 and the fact that (p(9o(r])) is invertible, we have 

°M 1 j{n) Hrj) j (n) 

Hence by Lemma 15.51 we have 

01(7/) (n) , fefa) y (n) 

But by Proposition 15.91 these elements are contained in the image of Of , 

and therefore contained in l\ n ^ (recall the definition of l\ n ^)- Moreover, since 

thep-adic logarithmic homomorphisms induce isomorphisms 1 + J- ^> /• 
(by Lemma |5.6|) . we may conclude that 

1(V) r -, , An) HV) J in) 

(514) vMv)) fc + 1 ' rtoofr)) fc + 2 

W 1 ,(n) 03 fa) (n) 
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Since each B% is a norm map in ET-theory, it is clear that (Oi(r)))i satisfies 
norm relations. This and (|5,14p imply that 9(rj) G \I/( n ). 

5.3. Surjectivity for finite quotients. Let {r]i)i be an arbitrary element 
of By the congruences in Definition 15.31 and by the fact that (f{r]o) is 

invertible, we have 

Vl Gl + lf\ #-Gl+/ 2 (n) , 



<f(vo) p 2 v(vo) p 3 



Then we obtain 



log -t— r G 1} log — — G J 2 , 



^ 2 e /(») W ^ (») 



^2 ,(n) 
^ 2 ' 

via the p-adic logarithms (Lemma 15 .6|) . 

Note that since is contained in the center of X p [ujy /Vi\ x , it is easy 

to see that 

Nr -7-. „ , \ ~ vivo) = ( / J ( r ?o) P ) 
z p [ui n) /v 2 ]/z p [ui n) /V2V 



vino. 



,2 



N X{u^/v 2 ]/zAut ) /Vi] ip{vo)P = • 
By using Lemma l5,8| 



(yi, 2/2,2/2,2/3) = log — — -, log — — , log — — — , log ■ 



fivo) ¥>M f(Vo) p vivoY 
G iW x f 2 (n) x 1^ x i<») 

satisfies the trace relations in Definition 14.21 (except for Z p [C/q /Vb]-part). 

Now set y = ^(10) = 0-/p) M^M%)) G Zp^/Vb]. Then 
we may easily check that (2/0,2/1,2/2,2/2,2/3) satisfies the trace relations in 
Definition 14.21 Hence we have (2/0,2/1,2/2,2/2,2/3) G f}( n ). 

By the additive theta isomorphism (Proposition-Definition H~3l) . there ex- 
ists a unique element y G Z p [Conj(G^ n ^)] satisfying 
(5.15) 

6 + {y) = (2/0,2/1,2/2,2/2,2/3) 

r fr(") lv„ (VO), log — r^T, log — ^r, log , log ■ 



Xryo)' Xr/o)' >W " V (vo) p2 

Proposition 5.11. LO G ( n ){y) = 1, that is, y is in the image of the integral 
logarithmic homomorphism T G ( n ) where uJ G (n) is defined as in Theorem \1.3(K 
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Proof. By the definition, 0J G { n ) is decomposed as follows: 
Zp[Conj(G<»>)] — G ab = U^/Vo 



An) 




Z p [U^/V ] 



where vrW is the canonical surjection. Note that ti» is the same map as 
9q by the definition of 8 + . Therefore, we have 

w G (»)(i/) = U} u^ n) /V ^o(y)) 

= 1 by Theorem OD]. 

□ 

Let 77 be an element of Kx(Z p [G^]) satisfying TQ(„)(r]) = y. Then 77 is 
determined up to multiplication by a torsion element of Ki(Z p [G^]) (See 
Theorem ll.30p . By the definition of r\ and the equation (|5.15p . 

+ r G („) (77) = (2/0,2/1,2/2,2/2,2/3)- 

Combining with Proposition 15, 9t we have 
2/0 = - log — r^- = - log ■ 



p ^(770) p f{0o{ri)Y 
that is, 

(5.16) r^^M =r a („ )/v& (0 o (?7)). 

We also have 

, Vi , ^i( ? ?) i % 1 #2(7?) 

log —7 — r = log , log — — - = log ■ 



(- 5 _ 17 ) vivo) <p(8o(v)Y <p(jio) <p(fio( i n)) 

log = log log— —2-= log 



^(770)^ '"^^oW)"' '"^(7/oK ^ofa))? 2 ' 
Proposition 5.12. There exists an element r £ /j p _i(Z p ) x (G( n )) ab smc/i 

6»(r/r) = (7/0,7/1,772,7/2,7/3) 
where // p _i(Z p ) is i/ie multiplicative group generated by all (p — l)-th roots 
of 1 in Z p . 

In particular, 9 surjects on \I/( n ). 

Proof. From the equation (15.160 and the fact that the integral logarithm 
homomorphism is injective modulo torsion elements, there exists an element 
r G K\ (Z p [Ifff 1 ' I Vq] ) tors satisfying t/ = r6> fa). 
Then by Lemma 11.331 (3), r is contained in 

K^Zpp^ /V ]Yors = AV-i(Zp) x (^o n) /Vb) = ^p-i(Zp) x (G^) ab . 
Hence we have 

8o(vr) = e (r])e (T) = # fa)r = m . 
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Since r G Ker (T G ( n )), we have + o T G ( n )(r]T) = 9 + o r G („)(^). Therefore 
we may replace 77 by r/r in the right hand sides of the equations (|5.17p . 

From this fact and Lemma 15.61 we have 6^(777") = rji for each i, using 
#0 (w) = Vo- □ 

5.4. Taking the projective limit. In this subsection, we take the projec- 
tive limit of the surjections 

(n) : Ki(Z p [G (n) ]) — > * (n) 

obtained by the argument in the previous subsections, and construct the 
surjection (15. 2p . 

First, we study the kernel of the surjection 9^ precisely. 

Suppose that r G Ker(0( n )). Then we have 6>+>( n ) o T gW (t) = by 
Proposition 15.91 Since 6 ) +'( n ) is an isomorphism by Proposition-Definition 
14.3} we obtain r G ( n ) (t) = 0. In other words, 

Ker (6» C Ker(T G( „)) = ^i(Z p [G( n )]) tors 

= Mp-i(Z p ) x (GW) ab x ^(Z^GW]). 

By the definition of SK\ groups, norm maps of A"i-groups induce homo- 
morphisms on SK\, so we have 

0W(^(Z p [GW])) C HSK^Zpp™ /VJ). 

i 

However, SK^ZppW /V$) = 1 since each U- jVi is abelian (Proposition 
[L33] (3)). Hence we obtain SK^ZplG^}) C Ker(#( n )). 

On the other hand, for every element r G /i p _i(Z p ) x (G( n )) ab not equal to 
1, we have 6»J n) (r) = r / 1. This implies x (G( n )) ab )nKer(6<(™)) = 

{!}■ 

Therefore we may conclude that Ker(#( n )) = SKi(I, p [G^]), and we ob- 
tain an exact sequence of projective systems of abelian groups 
(5.18) 

1 ► SK^ZpiG^}) ► 2fi(Zp[GM]) -^U *W > 1. 

By Proposition [L33] (2), ST^ZpfG^]) is a finite abelian group for ev- 
ery n > 1. Hence the projective system {51ifi(Zp[G f W])} rie N satisfies the 
Mittag-Leffler condition, which implies lim 1 SATi (Z p [G n ] ) = 0. By taking 
the projective limit of (|5.18p . we obtain the following exact sequence 

(5.19) 1 lim SK^ZpiG^}) limKi(Z p [G( n )]) 1. 

n n 

Therefore, the surjectivity of (|5.2|) is reduced to the following proposition. 
Proposition 5.13. The homomorphism 

Ki(A(G)) — > lim KiiZplG^]) 

n 

induced by canonical homomorphisms Ki(A(G)) — ► -fTi(Z p [G( n )]) is an iso- 
morphism. 

Proo/. Apply Proposition O for A(G) and {Z p [GW]} n6N . □ 



56 



TAKASHI HARA 



Remark 5.14. In the case of Kato's Heisenberg type ( [Katolj ). that is, in 
the case that Gal(F°°/F) ^ G where 

'1 ¥ p ¥ p \ 

g = I o i f p x r = G r x r, 



,0 1 



it is known ([Oliver]) that 



sk^g^]) = SK^ZpiG 1 ]) e s^i(z p [r/r^]) = 1, 

therefore we may show that the theta map 

K 1 (A(G))^*^cfjA(C/ J /V-)^ 

is an isomorphism, and ^poc/p is determined uniquely. 

Remark 5.15. By the calculation above, we know that the kernel of the 
theta map tends to be SK\(A(G)). It is conjectured that SK\{A{G)) van- 
ishes for general compact p-adic Lie groups. 

For our special case G = G' x T, Otmar Venjakob announced to the 
author that he and Peter Schneider have recently proven the vanishing of 
SKi(A(G)). If we admit their result, we may prove the uniqueness of the 
p-adic zeta function £,f°°/f which we would construct in §8. 

6. Localized theta map 

In this section, we construct the localized theta map 

9 S : K 1 (A(G) S ) — *5- 

Let A(r) = Z p [[r]] be the Iwasawa algebra for T. Then since G = G-' x T, 
we have 

A(G) = Z p [[Gf x r]] 

^ Z p [G f ] ®z p Z p [[T}} 

= A(r)[G/], 

and we also have A{Ui/Vi) ^ A{T)[u( /V/] 

Let S be the canonical 0re set (see §2.1) for the group G and let Sq be 
that for T. Note that = A(r) \pA(T) (see Example E2J) . 

Lemma 6.1. A{G) S = A(r) So [G^} and A(C/ i /F i ) ^ A(r) So [C// /v/}. 

Proof. We show this lemma only for the group G. 

First, we show that A(G)s = A(G)s (by abuse of notation, we also denote 
the image of So under the canonical map A(r) — * A(G) by the same symbol 
So). For an arbitrary f G S , A(G)/A(G)/ = (A(r)/A(r)/ ) [&] is Z p - 
finitely generated, so Sq C S. Then by the universality of 0re localizations 
(Proposition-Definition I1.13P , we obtain the canonical homomorphism 

(6.1) A(G) So — > A(G) S . 
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Let / be an element of S. By the definition of the canonical 0re set, 
A(G)/A(G)/ is a finitely generated left Z p -mo dulefl Let 3 be a kernel of the 
following composition of homomorphisms: 

(6-2) A(r) > A(G) > A(G)/A(G)/, 

where the first map is the canonical map 

A(T) — > A(G) = A(r) ®z v Z P [G f \ ; /o ^ /o ® 1- 

Take an arbitrary non-zero element 50 £ 3- Since A(T) is a unique factor- 
ization domain, go has a decomposition 

n ni nt 

g = up n 1 1 ---TT k k , 

where u £ A(T) X and 7Tj is a prime element of A(r). 

Suppose that for every non-zero go £ 3, the index of the prime p (n in 
the decomposition above) is not zero. Then we have 3 C pA(T), and this 
induces a surjection A(T)/$ — > A(T)/pA(T). This is contradiction since 
A(r)/a C A(G)/A(G)/ is finitely generated over Wjp by the definition of S, 
but A(T)/pA(r) = F p [[r]] is not so. Hence there exists go G 3 such that 
V \ go j which implies go £ So. 

Via the homomorphism (|6.2p . 50 is contained in A(G)/ , hence there exists 
(f) E A(G) satisfying go = 4>f. This means (fi^V) ■ f = 1 in A(G)5 , in 
other words, / has its (left) inverse element go~ l 4> in ^{G)s - Hence, by the 
universality of 0re localizations again, we obtain 

(6.3) A (G) 5 ^A(G) 5o . 

It is easy to show that the homomorphisms (16. ip and (|6.3[) are the inverse 
maps of each other, therefore A(G)s = A(G)s . 

On the other hand, the canonical homomorphisms 

A(G) So ^A(r) So [G'] 

obtained by the universality of 0re localizations and 

A(r) So [G/] = A(r) 5o Zp Z p [Gf] — > A(G) 5o 

obtained by the universality of tensor products from the map 

A{T) So x Z p [Gf] - A(G) 5o ; (0 Oj h) ^ foh 

are inverse maps of each other. This implies A(G) 5 ^ A(F) So [G f }. 
The result for each A(Ui/Vj)s is obtained in the same way. 

□ 

By this lemma, we may replace the coefficient ring Z p by A(T)s and 
apply the same discussion in §4 and §5. 

Since we need to use p-adic logarithms to translate the additive theta 
map, we take the p-adic completion A(T)s of A(T)s . Set R = A(r)g . 
Then the additive theta map 

6+: i?[Conj(G / )] ■=» h 



^Since H is finite, a left Z p [ff]-module is finitely generated if and only if it is finitely 
generated as a left Z p -module. 
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is obtained by the completely same argument as in §4, where f2 is the R- 
submodule of JT R[U? /V/] defined by the same conditions as in Definition 



2j More precisely, Q is an i?-submodule consisting of all elements (yi)i 
satisfying the trace relations and yi £ Ij for each i where Ii = if (8>z p R. 
We use the generalized integral p-adic logarithm (See §1.4) 

T R[Gfu : K X (R[G^J) — » fl[Conj(G*)], 

where J is the Jacobson radical of R[G*\. In this case, J is the kernel of the 
natural surjection R[G*] — > R/pR. By the same argument as in §5, we have 

for an arbitrary 77' G Ki(i?[G^], J), and we may conclude that 0(f)') is con- 
tained in \P, where ^ is the subgroup of JTi?[f// /V/] consisting of all ele- 

i 

ments (f)[)i which satisfy the norm relations and the following congruences: 

f)' x = ip(f)' ) modfi, rj 2 = ip(f)' ) mod7 2 , 
V2 = v(v'o) P mod^, 773 = (p(f)' ) p2 mod/3. 



Let f) be an arbitrary element of K\ (R[G* ]). We use the same notation 
77 for its lift to R{G-f] x . Let F C R[G^\ be a subset of representatives of 
vr x : R[Gf) x -> (i?[G- f ]/J) x F P ((T)) X , that is, F be a subset of i2[G'] for 
which 7r x induces a bijection of sets F ^ (R[G^]/J) X . Note that we can 
take F as a subset of i? x . 

Then there exists (ft £ F and fj' £ 1 + J such that ry = (j)f)' . fj' defines an 
element of K\(R [G*], J), and we have already known that 0(f)') is contained 
in \& . Therefore, if we prove that 6 ((f)) £ for every <j> £ F, we may conclude 
that ^(^(i?^])) C $. It suffices to show that 0(r) G $ for every r G i? x . 

For an arbitrary r G i? x , we have 

Q (r) = r, e 1 (r) = 2 (r) = r' p , 

2 (r)=rP\ e 3 (r)=rP S , 

by direct calculation]^] This implies that (Oi(r))i satisfies the norm relations. 
The congruences for (Oi(r))i are derived from the following relation 

r p = (p(r) modpR 

which follows from the definition of the Frobenius automorphism (See §1.4). 
Now (Oi(r))i £ $ holds. 



Set * s = §nl[A(T) So [u(/v/] 



^Since R is in the center of R[G^], the images of norm maps of r 6 R are easily 
calculated by using the method in §1.3. 
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Proposition 6.2. tyg is characterized as the subgroup of A(Ui/Vi)g con- 

i 

sisting of all elements (rjo, rji, 772, 772, 773) satisfying the following two condi- 
tions. 

(1) (norm relations) 

(rel-1) Nr A(C7o/yo)s/A(C7l/Fo)s 77o = 771, 
(rel-2) Nr A([/o/Vo)g/A( ^ /vb)s t7o = 772, 

(rel-3) Nr A( ^ / ^ )s/A([/2/ ^ )s 772 = 772, 

(rel-4) Nr A(c/ 1 /v^) s /A(c/ 1 nc72/ : ^)5 ??1 = Nr A(^/^) s /A(c/ 1 n^/v^) s r ? 2 ' 

(rel-5) Nr A(C7l/ y l)s/A(C73/Fl)s 77i = 773, 

(rel-6) Nr A(C72/ y 2)s/A(C73/ y 2)s 772 = 773. 

(These are the same as those of ^ . See Figure^ 

(2) (congruences) 

Vi = mod J^i, 772 = ^(770) mod I s ,2, 

2 

m = (p(vo)' p mod/ Si 2 , V3 = <P(mr mod/s j3 , 

where I s ,i = l{ ®z p A(r) So . 

Proof. An arbitrary element (rji)i of *$>s satisfies the norm relations by the 
definition of *&s- Since (iji)i is contained in 1 J/, it satisfies (I6.4|) . Then the 
desired congruences hold (note that l{ n A(F)s [U- /V/] = I( ®z p A(r)s = 
Is,i)- ' ' □ 

Now let 9s = (Os,i)i be the family of the homomorphisms Os,i where each 
9s,i is defined as the composite of the norm map 

Nr A(G)s/A([7i)s : #i(A(G)s) - #i(A(E/i)s) 
and the canonical homomorphism 

lfi(A(l7i)s) - K 1 (A(C/ i /^) 5 ) = HUi/Vi) s 
induced by A(^)s -> A(^/^)s. 
Proposition 6.3. ^5 contains the image of 83- 
Proof. By the commutative diagram 



we have Image(#s) C Image(#) C (note that the right vertical map is 
injective since the canonical map A(r)s — ► R is injective, using the fact 
that A(r)5 is separated with respect to p-adic topology). Therefore, 

lmage(0 s ) Q $n ^(^/FOsj = 

□ 



X 
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Proposition 6.4. # 5 n JJ A^/V*)* = *. 

i 

Proof. This follows easily from the fact Is,i H A(Ui/Vi) = Ii. □ 
We can summarize the two propositions above as follows: 

Theorem 6.5. 9s- Ki(A(G)s) — ► is the localized theta map (defined 
in Definition ^. 3$ for G. 

7. Congruences among abelian p-adic zeta pseudomeasures 

7.1. Norm relations. Let Fjj t (resp. FyJ be the maximal subfield of F°° 
fixed by Ui (resp. Vi). 

In the previous sections we have constructed the theta map 9 and its 
localized version 9s- If the Iwasawa main conjecture is true in our case, the 
assumption of Theorem 13.41 should be true, that is, the family of the abelian 
p-adic zeta pseudomeasures (£o, £i) £2, £2, £3) (each £j G Frac(A([/j/Vj)) is the 
p-adic zeta pseudomeasure for Fy i /Fu i ) should be contained in ^5. For 
to be an element of ^5, it is necessary that £j's satisfy the norm relations 
and the congruences in Proposition 16.21 

Proposition 7.1. £j's satisfy the norm relations in Proposition 1 6. SX 

Proof. We may show this proposition by formal calculation, using only the 
interpolation properties (See Definition 12.141 ( |2.2p ). Here we only show 

Nr A(f/ /1 / o)s/A(C/i/Vb)s^O = £l in A(Ux/Vq)s- 

Let p be an arbitrary Artin representation of U\/Vq. Then by Lemma 
13.51 we have 

(Nre )(p®« r ) = Co(Indg(p®«0) 
= &(Indg;( / 9)®K r ) 
= L s (l-r;Fy /% ,Indg(p)) 
= Lx(l-r;F Vo /F Ul ,p) 

= £i(p®« r ) 

for every positive integer r divisible by p — 1. 

We may also show the other norm relations by the same argument. 

□ 

7.2. Kato's observation. Now let us study the congruences among £j's. 
Let l![ be the image of the composition 

Zp[[Conj(L^)]] ^> Z p [[Conj(C/ 2 )]] - Z P [[U 2 /V 2 }}. 
We have the following explicit description of I'^: 

I'l = lim ([^ c h c (c + 0),p[3 b (f] Zp[r/rp n^ C A{U 2 /V 2 ). 

n 
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Proposition 7.2 (Congruences among abelian p-adic zeta functions). The 

p-adic zeta functions £j for Fv i /Fu i satisfy the following congruences: 

(1) 6 = ¥>(£o) mod/5,1) 

(2) 6 = </>(&) mod/ Sj 2, 

(2) 6 = c 2 mod/^ 2 , 

(3) 6 = c 3 mod/ Si3 , 
where C2 and C3 are certain elements of A(T)s Q - 

Remark 7.3. These congruences are not sufficient to show that E Vl/5. 
Hence we should modify Burns' technique (Proposition 13. 4p to prove the 
Iwasawa main conjecture in our case. This modification is discussed in the 
next section. 

Kato observed in [Katol] that these kinds of congruences among abelian 
p-adic zeta pseudomeasures were derived from Deligne-Ribet's method of p- 
adic Hilbert modular forms. The fundamental philosophy of p-adic (A-adic) 
Hilbert modular forms is as follows (quite rough): 

(jj) Congruence between constant terms of two p-adic (A-adic) 
Hilbert modular forms is derived from congruences between 
coefficients of all positive degree terms of them. 

Before the precise proof of Proposition [721 let us review how to derive the 
congruence between abelian p-adic zeta pseudomeasures from Hilbert modu- 
lar forms, following [Katolj §4. We take the congruence £1 = ip(£o)modls,i 
as an example. 

The A(f7j/Vi)-adic Fu 4 -Hilbert Eisenstein series 

f- - ^ + V f EYiUjA a * i = 1 
(a,x)ePi v 7 
was essentially constructed by Deligne and Ribet, where 

Pi = {(a,x) I a C Of v . '■ non-zero ideal prime to S, 

x £ a: totally positive} 

and ^— - — \ denotes the Artin symbol in Gal(L/AT) for an abelian extension 
L/K. 

By restricting f\ to the Hilbert modular variety of F embedded as the 
diagonal in the Hilbert modular variety of Fu x , we obtain a A([/i/Vi)-adic 
F-Hilbert modular form 



(7-1) 5i = ^+ £ 

(a,x)ePi 



where r is [F : Q]. Note that [Fu 1 : Q] is equal to rp. The Galois group 

Gal(F Ul /F) = (/3) 

acts on Pi from the left as 

p * (o,x) = (ft a, fix) 
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for each < j < p — 1 . 

Then we may divide positive degree terms of g\ by isotropic subgroups 
Gal(FujF) {ax) as follows: 



E (^W*> 

(a,x)ei^ v 7 



where 



P{ = {(a,*) G Pi | Gal^/P^ = Gal^/F)}, 
Pf = {(a,*) G P | Gal^/F)^ = {idj^}}. 

One observes that there exits a bijection Po — * P[ \ (b,y) >— ► (a, x) where 
o = bOF Vl and x = y. By the functoriality of the Artin symbol, we have 



' F Vi/ F Ui \ Jr Fui/F (x) 



+ E 

(m)sp;' 



where Ver: Gal(Py /F[/ ) — > Gal(Pyi/Pc/i) is the Verlagerung (transfer) ho- 
momorphism. 

Lemma 7.4. Let h( and H^ be arbitrary subgroups ofG?. Set Hi = H? xT. 

If Hi contains H2, the Verlagerung homomorphism 

Verjg : Hf h Pff b 

coincides with the composition of the Frobenius homomorphism tp : Hf h — > T 
anc? i/ie canonical injection F — > P| b - 

Proof. By the transitivity of the Verlagerung homomorphism, it suffices to 
prove the proposition when (#1 : H2) = p. In this case it is well known 
that is normal in Let a be an element of H[ which generates 

h(/h(. Then {cr 7 }^ is a set of representatives of H1/H2. Suppose that 

h G i?/ satisfies /i = a^ h ^ mod H^- By the definition of the Verlagerung 
homomorphisms, 

P-i 

Verg^/i) = J] o--( j+j ( h »ha j = h p = 1. 

□ 

Hence in our special case (the case when the exponent of is p), we 
may identify every Verlagerung homomorphism with the Frobenius homo- 
morphism if. 
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If we set f(q y ) = q py , we have 

(b,y)eP v v 7 



+ £ l F Vi/ F Ui \ ^f Vi /f{x) 



(a,x)eP[' 

and the first summation is the same as positive degree terms of <p(fo)- 

Next, let P\ be a system of representatives of the orbital decomposition 
Gal(i ? [/ 1 /Ff/ )\P( / . By the property of the Artin symbol, we have 

3=0 V ' 7 3=0 V 7 

therefore the right hand side of the equation above is contained in I\ since 
I\ is the image of 9f (trace map). 



Hence, we obtain 
9i ~ ¥>(/o) 









2 r J 






+ £ 




(c^)eA" 


U=0 



and all positive degree terms of gi — ^(/o) are contained in /j, which implies 

= mod ic i 

by the philosophy (ft). 

Note that 2 P = 2 mod^i since p G /^i. Hence we have the desired 
congruence. 

In the rest of this section, we make this argument precise and prove the 
congruences in Proposition 17.21 We adopt the method of Ritter and Weiss 
([R7W3]). 

7.3. Approximation of abelian p-adic zeta pseudomeasures. First, 
following [R-W3J, we approximate the abelian p-adic zeta pseudomeasures 
and reduce the congruences among pseudomeasures to those among special 
values of partial zeta functions. 

Let Wi be Ui/Vi, and let W( be Jj( /V%. For an arbitrary open set U QWi, 
we define a non-negative integer m(U) by kP~ 1 (U) = 1 + j> m ( w )Z p where k 
is the p-adic cyclotomic character. Let u = m(T). Then one can easily see 
that mild? x T pj ) = uj + j for an arbitrary U$ C w/ and j 6 Z>o- 

Lemma 7.5. The canonical surjection 

Zp[[Wi]] - z p [iy 4 /w]/p m ( w )z p [iy 4 /w] 

induces the isomorphism 

Zp[[Wi]] ^ lim ZptWi/Wj/^^ZptWi/W]. 

UCWi : open 
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Proof. The injectivity is obvious since m(U) is not bounded. The surjectivity 
is also not difficult, for we can construct the lift of (xu)u to Z p [[Wi]]. See 
[Kakdej §4.2.1. □ 

It is clear that {T Pj } jez> is the cofinal system of the inverse limit above. 

Let e = £i is a C-valued locally constant function on Wi. Then there 
exists an open subset U CWi such that e is constant on each coset of Wi/li. 
Therefore we can write 

e= Y s ( x ) s{x) 
where 5^ is the characteristic function with respect to a coset x, that is, 



5 {x \ 



W 



1 if w G x, 
otherwise. 



Definition 7.6 (partial zeta function). Let x be an arbitrary coset in Wi/U. 
Then we call 

S ( X ) ((ExdlE±\\ 
QfvJFuXs^ )- ^ T^aVs 

the partial zeta function for 5^ x \ Here f — — J is the Artin symbol 

and A a is the absolute norm of an ideal a. This function has analytic 
continuation to the whole complex plane except for a simple pole at s = 1, 
and for every k G N, C,f v ./f v . (1 — k, 5^) is a rational number. 

For an arbitrary local constant function e on Wi, we define the partial 
zeta function for e as 

( FVi/Fu .(s,E)= Y ^)Cp v j Fu \s,5^) 
xeWi/u 

where e = Y^x^Wi/li e ( x )&^ is the decomposition as above. 

For an arbitrary element w G Wj, Q p - valued locally constant function e 
on Wi, and positive integer k divisible by p — 1, we define 

Af(l - k, e) = C FvJFUi (1 -k,e)- K(w) k C FVi/FUt (1 - k, e w ) G % 

where e w {w r ) = e(ww') for every w G Wi. Deligne and Ribet showed the in- 
tegrality of A™(1 — k, 5^), that is, for an arbitrary w G Wi and an arbitrary 
coset x G Wi/U, 

Af(l-k,5 {x) ) G Z p 
( |De-Ri] Theoreme (0.4), see also Hypothesis (if n _i) in (Coatesj ). 

Proposition 7.7 (Approximation lemma, Ritter- Weiss). Letti C Wi be an 
arbitrary open set. Then for every positive integer k divisible by p — 1 and 
w G Wi, (1 — w)£i maps to 

(7.2) Y &f(l-k,5^)K(x)- k x modp m ^ 

x&Wi/U 
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under the canonical surjection Z p [[Wi]] -> Z p [Wi/U]/p m ^Z p [Wi/l{]. (Note 
that n(x)~ k is well-defined by the definition ofm{U).) 

Sketch of the proof. Let £™ be the limit element of (|7,2p . This limit ele- 
ment is independent of k due to Deligne-Ribet's congruence ([De-RiJ The- 
oreme (0.4) and [Coatesj Hypothesis (Co)). One sees that £™ is contained 
in Z p [[Wj]] (that is, is a p-adic measure on Wi) by the integrality of 
Af (1 - k, 5^) and Lemma EH 
Then one sees that 

/ en k dif = /^{l-Ke) 

JWi 

for each locally constant function e on Wj and positive integer k divisible 
by p — 1, but this property characterizes the p-adic measure (1 — w)£i where 
£j is Serre's p-adic zeta pseudomeasure for Fy i /Fu i QScrrc2j). Thus £™ = 

See |R-W3j Proposition 2 for the more precise proof. □ 

Let NUi be the normalizer of Ui in G. Then we have NU\ = NU~2 = 
NU3 = G and NU2 = t^2- The quotient group NUi/Ui acts on the set of 
locally constant functions on W, by 

e a (w) = e(a^ 1 wa) 

where e is a locally constant functions on Wi and a G NUi/Ui. 

Proposition 7.8 (Sufficient conditions). Sufficient conditions for the con- 
gruences (1), (2), (2), (3) in Proposition \ 7. 2\ to hold are the following (1)' , 
(2), (2)', (3)' respectively: 

(1) ' Af ig \l-k,e) = A 9 (l-pk,eoip) modpZ p 

for all g G Wq and locally constant Z^y valued function e on W\ fixed 
byNU 1 /U 1 (=G/U 1 ). 

(2) ' Af g \l-k,e) = A g (l-pk,eocp) modpZ p 

for all g G Wo and locally constant TL^-valued function e on W2 fixed 
by nW 2 /U2{= G/U 2 ). 

(2) ' A?f (1 - k,6M) = modpZp 

for all w G T and for every coset y G W2/T pJ (j G N) which is not 
contained in T and fixed by A r L r 2/^ r 2( = ^2/^2)- 

(3) ' A™(1 - = modp m "Z p 

/or all w £ T and for every coset y G Ws/r pJ (J G N) which is not 
contained in T. Here p my is the order of (NU^/U^y = (G/U^) y , the 
isotropic subgroup ofG/U^ at y. 

Proof. The proof of the sufficiency of (2) (resp. (2)') for (2) (resp. (2)) is 
completely the same as that of (1)' (resp. (3)') for (1) (resp. (3)). Therefore 
we only prove the latter two cases. 

• The sufficiency of (1)' for (1). 

We use similar method to jR-W3j . Proposition 4. 
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The congruence (1) is equivalent to 

(1 - ¥>(s))£i = </>((! - g)£o) mod Ii 

for an arbitrary g £ Wq. Applying the approximation lemma (Propo- 
sition [TTT]) to them, we obtain 

(7.3) (1- V {g))^= ^ 9 \l-k,8^My)- k y 

j/eWi/rp j+1 

in Z p [W 1 /T pJ+1 ]/p UJ+J+1 

(7.4) ^((l-^ )= A o(l -pk,^) K (x)-^<p(x) 



mZ p [W /(Wi xr p) )]/p' 

Note that </?((l — <?)£o) is fixed by the conjugate action of G/U\ 
since it is contained in A(r). ip(g) is also fixed by G/TJ\, which 
implies that (1 — <p(g))£i is fixed by GjXJ\ (see |R-W3] Lemma 3.2). 
Therefore we see that (1 — tp(g))£i — </?((l — <?)£o) 1S contained in 
(Z p [W 1 /TP 3+1 ]/p u+ i +1 ) G / u i (the G/^i-fixed part). 
(Case-1) y is fixed by G/U\. Then 5^ is also fixed by G/U\, therefore 
we may apply (1)' for 5^: 

Af 9) (1 - k, 5 {y) ) = Ag(l - pk, 6 (y) o ^ mod pZ p . 

If y = ip{x){= Ver(aj)), x is determined uniquely and n(y)~ k = 
K(Ver(x))~ k = K(x)~ pk . Moreover, 5^ coincides with <JW o <p. 
This implies that 

A^ 9) (l - k,5^)K{y)- k y - A g Q {l - pk,5^)K{ X y pk f(x) 

E p(z p [w 1 /rp J+1 ]/p^ +1 f/ u ^ C j{ J ' +1) /j^ i+1 . 

If y ^ Image(y>), we have o = 0, hence the y-summand 

vanishes modulo J-p +1 . 
(Case-2) y is not fixed by G/U%. Since 

Af (3) (l - = Af (3) (l - M^)) 

for every ct G G/f/i (see |R-W3j Lemma 3.2), we have 

£ (A^ 9 \l -k,5^)K(y)- k yr 
= Af 9 \l-k,5^)K(y)- k ir€Jp +1) /^ +1 . 

Therefore (|7.3p and (|7.4p are cong ruent modulo /p^ +1 . Tak- 
ing the projective limit, we obtain the congruence (1) in Proposition 
O (Lemma [73]). 
• The sufficiency of (3)' for (3). 

Apply the approximation lemma (Proposition 17. 7[ ) to (1 — w)^. 
Then we have 
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(7.5) (l-w)&= Yl A£(l-M (v) )«(v)-*y 

mZ p [W 3 /T^]/p^. 

Then by (3)', 

52 a^i-M^Ms/TV 

*e(G/U 3 )/(G/U 3 ) y 

= a^(i -k,5(yy) K (y)- k 52 y a 

*e(G/U 3 )/(G/U 3 ) y 

= P m « 52 a ~ l y a ^( 3 )') 

*e(G/U 3 )/(G/U 3 )y 

g 4 j) /p" +j 

for every y G W 3 /T p3 which is not contained in T. Therefore it is 
obvious that the right hand side of the congruence (I7.5P is contained 
in (Z p [T/TP ] } +I { 3 j) )/p"+i. 

By taking the projective limit (Lemma IT. 5[) . we have 

(l-w)^, 3 = c w mod/ 3 

for a certain element c w G A(r). Since 1 — w G So, we can obtain 
the congruence (3) in Proposition 17.21 

□ 



7.4. Hilbert modular forms and Hilbert-Eisenstein series. In this 
subsection, we review Deligne-Ribet's theory of Hilbert modular forms. See 
[De-Rij and [R-W3] Section 3 for more information. 

Let K be a totally real number field of degree r, K°°/K a totally real 
p-adic Lie extension, and £ a fixed finite set of primes of K containing all 
primes which ramify in K°°. Let f be an integral ideal of Ok with all prime 
factors in E. 

We denote f) = {r G K C | Im(r) » 0} the Hilbert upper-half plane. 
For an even positive integer k, we define the action of 

GL(2,K) + = {ge GL{2,K) | det(s) » 0} 

on functions F: f) — > C by 



( c d ) )(T) =^M-M fc/2 AA(cr + d)- fc F( 
where AA: X (g) C — > C is the norm map. 
Definition 7.9 (Hilbert modular forms). Let 



cr + d' 



r 00 (f) = { 



a b 
c d 



\ G SL(2, K) | a, d G 1 + f, 6 G £>~\ c G f2>} 
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where D is the differential of K. A Hilbert modular form F of weight k on 
r 00(f) is a holomorphic function^ F: f) — > C satisfying F\ k M = F for all 

m e r 00 (f). 

We denote the space of Hilbert modular forms of weight k on r 00(f) by 

M fe (r 00 (f),c). 

A Hilbert modular form F has a Fourier series expansion (standard q- 
expansion) 

C(0) + Yl 

where q K = exp(2Tn/-LTr K /<Q(fj,T)). 

Deligne and Ribet constructed the Hilbert-Eisenstein series attached to 
every locally constant function e on G = G&1(K°°/K) ([De-Ri] Theorem 
(6.1)). 

Theorem-Definition 7.10 (Hilbert-Eisenstein series). Let e be a locally 
constant function on G = G&\(K°° / K) and k a positive even integer. Then 
there exists an integral ideal f C Ok with its prime factors in £ and a Hilbert 
modular form G ke £ ^fc(roo(f), C) whose standard q-expansion is 



2 r ( K oo /K (l-k,e)+ £ ( a ) K ( a ] 

/ieO^,/^2>0 \ ueaCO K , prime to S 



fe-1 



Here we denote e(o) = e M — jf~^~ Jj an d K ( a ) = K (( ~ J J where 

— J K ^j i s th e Artin symbol. 
We call Gk )£ the Hilbert-Eisenstein series of weight k attached to e. 

Proof. See [De-Ri| Theorem (6.1). □ 

Next let us discuss the g-expansion of Hilbert modular forms at cusps. 
Let A^- be the finite adele ring of K. By the strong approximation theorem 

SL(2,A f K )=t QO tf)-SL(2,K), 

every M £ SL(2,A f K ) is decomposed as M = M 1 M 2 where M 1 £ f 00 (f) (the 
closure of r 00 (f) in SL(2,A f K )) and M 2 £ SL(2,K). We define F\ k M to be 
F\ k M 2 . 

For every finite idele a G (A^) x , set 



a 

of 



i^a also has a Fourier series expansion 

F a = c{0,a)+ ^2 c (^>«)<?k> 

and we call it f/ie q-expansion of F at the cusp determined by a. 



If K = Q, we also assume that F is holomorphic at 00. 
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Proposition 7.11. Let k be a positive even integer and e a locally constant 
function on G. Then the q-expansion of Gk, £ a t the cusp determined by 
is given by 

N((a)) k \2- r ( Kao/K (l-k,e a ) 



fiGOx ,/i2>0 \ AiSaCO^, prime to £ 



fc-1 



where (a) is the ideal generated by a and a = y ^J^i 

Proof. See |De-Rij Theorem (6.1). □ 

Now we introduce the Deligne-Ribet's deep principle. 

Theorem 7.12 (Deligne-Ribet). Let (k > 0) be rational Hilbert mod- 
ular forms of weight k on Too(f) (that is, all coefficients of the q-expansion 
of Fk at every cusp are rational numbers), and F^ = for all but finitely 
many k. 

Let a G (A^) x . We denote by a p the p-th component of a. Set 

S(a) = Y,^a~ k F Ka . 

k>0 

If S(a) has all coefficients in p^ p (j G Z) for one a G (A^ K ) X , S(a) has 
all coefficients in p>Z, p for every a G (A^) x . 

Proof. See [De-R,ij Theorem (0.2). □ 

Corollary 7.13 f |De-Rij Corollary (0.3)). Let S(a) as in Theorem {7A2 . 
Suppose that there exists a G (A^) x such that all non-constant coefficients 
of S(a) are contained in P^1ju,\ (j G Z). Then for arbitrary two distinct 
elements (3,(3' G (hJ K ) x , the difference between the constant terms of the 
q-expansions of S((3) and S((3') is an element of pPTL^y 

Proof. Let e(0, a) be the constant term of S(a). We may interpret c(0, a) 
as an element of Mo (Too (f), Q). 

Set »S'(/3) c (o,o) = S((3) — c(0,a). Then S(a) c ^ ^ has all coefficients in 
pPTL^, so does <S , (/3) c ( 0iQ ,) by Theorem 17.121 Especially the constant term 
of 5 , (/3) c (o jQ ) is also an element of p^Z^), but it is no other than c(0, (3) — 
c(0,a). □ 

7.5. Proof of the sufficient conditions. Now we prove the sufficient con- 
ditions in Proposition 17.81 We only prove the conditions (1)' and (3)'. One 

can prove the conditions (2) (resp. (2)') in the same manner as (1)' (resp. 

(3)')- 

Condition (1)'. Let A; be a positive even integer and e a locally constant 
Z( p )-valued function on W\ fixed by the action of G/U\. Let Gk :£ (resp. 
G p k,eoLp) be the Hilbert-Eisenstein series of weight k (resp. weight pk) at- 
tached to e (resp. £ ° (p) (Theorem-Definition 17.10]) . 
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The natural inclusion F — > F^ induces the restriction of the Hilbert- 
Eisenstein series resGk, £ on It is easy to see that resGfc j£ is a Hilbert 
modular form of weight pk and its standard (/-expansion is given by ( [R-W3] 
Lemma 7) 

resG fci£ = 2-[^i : «Cfvf 17i (1 - M 

+ E ( E <b)K(b) k -A q^ F 
m6C f ,m>o \(b,i/)ePf / 

where q F = exp(27rV— ^^f/q(^ t )) an d 

Pi = {(b, u) | v E b C OiTy ,b is prime to S, 

^»0,Tr Fc/i/F (i/) =//}. 

For A G Op, we may construct the Hecke operator U\ associated to A 
(See |R-W3j Lemma 6), which "shifts the coefficients of (/-expansion by A." 
Therefore we have 

(resG fc , £ )| pfc t/ p = 2-^^( Fvi/Fui (l - k,e) 

+ E ( E e(bKa)*- 1 )^ 

M6O F ,M>0 \(b,j,)ePf M / 

On the other hand, the standard (/-expansion of G v k^ oip is 
a rk/ ^ = 2 _[F:<1I Cf v , /f„ (1 -pk,eo,p) 

+ E ( E £ o V ((^)W->W 

AteOF,M>0 \/ieaCO F ,prime to S ^ ' ' / 

and note that 

by the commutativity of the Artin symbol and the Verlagerung homomor- 
phism (see Lemma l7.4p . 

Set 5 = (iesGk,e)\pkU p — G p fc,eo V , then the it-th coefficient of S is 

£ e(b) K (b) fc - 1 - £ e(aO F[7i ) K (a)^- 1 
(b,i/)ePf /ieoco F 

Let {G/U-ijtbv) be the isotropic subgroup of G/C/i at (b,u) £ Pf M . 
(Case-1) {G/Ux){b, v ) = {id}- Note that 
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for every a G G/U\. Similarly we have n(b a ) k - 1 = K(b) k " x . There- 
fore the sum of (b, v) -orbit is given by 

E eib'W)*- 1 = pe(b)n{b) k - 1 G pZ {p) . 

(Case-2) (G/U\)r b ^ = G/U\. In this case G/U\ fixes (b, i/) 3 therefore v G F 
and b = aO Fu for unique integral ideal a of F prime to S. Since 
Hip v jp(y) = pfi, we have v = [i. Therefore 

e(b) K (b) fc - 1 = e(aO Fui )K{aO Fui f- 1 = e(aO Fui ) K (aY^ 

= e(aO Fui )K(a) pk - 1 modp 
and so the (aOp, /z)-term vanishes modulo p. 

Therefore 5 has all the non-constant coefficients in pZu,), and we can ap- 
ply Deligne-Ribet's principle (Corollary I7.13P to 5 = 5(1). There exists a 

finite idele 7 such that feffii ) = 5 (see [LVRi] (2.23)). Then by Corol- 
lary EU] 5(1) — 5(7) has its constant term in pZ( p ). By easy calculation, 
the constant term of E — E(~f) is 

l- pr C Fvi ,F Vl (1 -k,e)- 2- r ( Fvo /F Uo (1 - Pk, e o <p) - M ( lp )~ pk M {{^ 
x {2- pr Cp Vi/Fui (1 - k, £<p{g) ) - 2- r C Fvo /F Uo (1 - Pk, (e o v?) 9 )} 

=2-^{Cf Vi /f Pi (1 - A;,e) - «(^( 5 )) fe CF v . 1 /F t/l (l - M*^))} 

- 2~ r {( Fvo/Fuo (1 - pfc, e o <p) - K ( g )P k ( Fvo/Fuo (1 _ pk , (e o ^) g )} 

=2- pr Af g \l -k,e)- 2- r A g (l-pk,eoip) 

=2~ r {Af 9 \l-k,e)-A 9 (l-pk,eo (p )} mod p. 

Here we set r = [F : Q] and use ^((7)) = N{-i p )K{g) ( [B.-W3] Lemma 
9), n{ip(g)) = K(g)' p . For precise calculation, see |R-W3j . the proof of the 
Theorem. 

Condition (3)'. Let j be a sufficiently large integer and y G W3/T 1 ' 3 is a 
coset which is not contained in T. 

Let 5 = G k S ( y ) be the Hilbert-Eisenstein series of weight k attached to 

5"" , then the standard (/-expansion of 5 is given by 

-El E s^(bHb) k ^ 1 qFus 



u&O f ,/i>0 



u&b^Opjj, , prime to S 



3 



where ^ = exp^vrv^Tr^/Q^r)). 

(Case-1) {G/Uz){p,v) = {id}- I n this case, we can easily calculate the sum 
of (b, i^)-orbit : 

E 5 {y) {b' J )K{b' J ) k - 1 =p m y E 5 (yCT_1) (b)K(b) fc - 1 . 

<reG/u 3 ae(G/u 3 )/(G/u 3 ) y 
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(Case-2) (G/U 3 ) {b , u) + {id}. Let F (M be the fixed field of (G/U 3 ) {btU) . 

Then by the same argument as the proof of the condition (1)' 
(Case-2), there exists \i G F(b,v) an d a Q ®Fi b v) uniquely such 
that (b,u) = (oOfjj , A 1 )- For such (a, //), 



Fu 3 /F V3 



Fv 3 /F [b>1/) 



= 5 {y) o Ver 

because Im(Ver) = Im(<p) C T. 

Therefore S has all the non-constant coefficients in p rny 'L^ p y Take a finite 
idele 7' such that ( ^f^^'f J = w. Then by Corollary 17.131 the constant 
term of S — S(-y') is also in p my Z^, and it is equal to 

Thus we have finished the proof of Proposition 17.81 

8. Proof of the main theorem 

Unfortunately, we cannot conclude that is contained in ^5 by the 
congruences obtained in the previous section, so we may not apply Burns' 
technique (Theorem I3.4p directly to (£t)t- 

In this section, we modify the proof of Theorem 13.41 and prove our main 
theorem (Theorem 13. ip using an inductive technique. 

8.1. Kato's p-adic zeta function for F^/F. Let 

(1 F p \ 



1 F p 
1 F p 
\o 1 J 



be a closed normal subgroup of G and set G 
V, ■ N/N. 

Then we have the splitting exact sequence 



x{l} 

= G/N,Ui = Ui/N and V { 



1 



N 



G 



G 



1. 



Let 



1 a d) 



s:G^G; 

be a section of tt. 

The p-adic Lie group 



1 b\A z 



.0 1, 



/ 


f 1 


a 


d 











1 


b 





,t z 










1 





V 


v° 








V 





G 



1 





f„ x r 
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is a group "of Heisenberg type," for which Kazuya Kato has already proven 
the existence of the p-adic zeta function in [Katolj . 

Theorem 8.1 (Kato). The p-adic zeta function £ for F^/F exists uniquely 
and it satisfies the Iwasawa main conjecture ( Conjecture 1 2. 15\ (2)). 

Sketch of the proof. This theorem is the special case of [Katolj, Theorem 
4.1. 

First, he constructed the theta map (and its localized version) 

9: #i(A(G)) - * C A(U~ /Vo) x x A(!7i/"^) x 

9 S ■ #i(A(G)s) - * s c A(Uo/T^) x x A(Ui/yL)* 

where \& (resp. ^5) was defined to be the subgroup consisting of all elements 
(fjo,fji) which satisfied the norm relation 

Nr A(f7 /Fo)/A([/i/Vi)^0 = m ( res P- Nr A(F /Fo)s/A(^i/Vi)s^O = ^1) 
and the congruence 

rji = ip(rj Q ) mod/i (resp. mod/^i). 
In this case, we could show the congruence 

£i = ¥>(£o) mod Is, 1 

directly in the same manner as in §7. Hence, by using Burns' technique 
(Theorem 13. 4p . we might show the existence (and uniqueness) of the p-adic 
zeta function £ for Fn/F. □ 

Let C = Cpoajp be the complex defined in Definition 12.81 Since we 
always assume the condition (*) in Proposition 12.101 C is contained in 
K (A{G),A{G)s). Let [C] be its image in K (A(G),A(G) S ). Then Kato's 
p-adic zeta function £ satisfies the main conjecture <9(£) = — [C]. 

Proposition 8.2. There exists a characteristic element f G K±(A(G)s) for 
poo jp w hose image in Ki(A(G)s) coincides with £ . 

Proof. In the following, we denote by x the image of x in Ki(A(G)s) for an 
element x G Ki(A(G) s ). 

Let /' G Ki(A(G)s) be a characteristic element of [C\. Then by using 

the functoriality of the connecting homomorphism d, we have <9(£ • /' ) = 
— [C] + [C] = 0. By the localization exact sequence (Theorem ll.22p . u = 

£ • /' is the image of an element of K\(A{G)), which we also denote u by 
abuse of notation. Then the element / = f's(u) satisfies the assertion of 
the proposition where s denotes the homomorphism Ki(A(G)) — ► Ki(A(G)) 
induced by s : G — > G. □ 

8.2. Completion of the proof. Let / G K\(A(G)s) be a characteristic 
element for F°°/F satisfying Proposition 18.21 that is, ir(f) = £. 

Let fi = e Sti (f) G A(Ui/Vi)g and let u { = Then d( Ui ) = 0, so we 

have Ui G A(Ui/Vi) x by the localization sequence (Theorem II .22|) . 

Then it is sufficient to show that (ttj)j is contained in if (itj)j is con- 
tained in there exists u G ATi(A(G)) such that 9i(u) = Ui by the surjec- 
tivity of the theta map (Proposition 15. 4p . One can easily check that £ = uf 
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satisfies the interpolating properties of the p-adic zeta function for F°°/F 
(Definition I2.14[) and also satisfies d(£) = — [C]. Namely, £ is the desired 
p-adic zeta function. 

Note that it was easy to show that (ui)i G ^ in the proof of Theorem 13.41 
because of the assumption E 

Proposition 8.3. U{ 's satisfy the norm relations in Definition 15.51 and 
satisfy following congruences: 

u\ = (p(uo) mod/i, 

u^=ip(u ) mod/ 2 , 

U2 = d,2 mod 1%, 

u 3 = d 3 mod/3, 
where c?2 and d 3 are certain elements of A(T) . 

Proof, /j's and £j's satisfy the norm relations, so do Ui's. 

Since (fi)i is contained in \&s, /j's satisfy the congruences in Proposition 
16. 21 On the other hand, £i's satisfy the congruences in Proposition 17.21 
Hence, we can easily show that Uj's satisfy the desired congruences O 



Lemma 8.4. (u, 



6 Ker ^ : A([/ 4 /^) x — K^/V^ . 



Proof. This lemma follows from the construction of / and the commutativity 
of 7r and norm maps of AT-groups (Proposition II. 9|) . □ 

Lemma 8.5. s o 7r(Jj) C Jj. 

Proof. Just simple calculation. □ 
Lemma 8.6. For each i, <p(iii) = 1. 

Proof. The Frobenius homomorphism 99: A(Ui/Vi) — > A(T) factors as 

A(cyvs) -^U A(r) 



A(^/^) — A(r) 

where Tp: A(Ui/Vi) — > A(T) is the Frobenius homomorphism (mod AT). 
Then this lemma holds since {uj)i £ Ker(-7r x ) by Lemma 18.41 □ 

Proof of Theorem \3.1\ . By operating son to the congruences of Proposition 
we have 



soi:(u2) = d2 modso7r(/ 2 )) 
s o 7r(«3) = d 3 mod s o 7r(/3). 

By Lemma 18.41 both of s o 7r(u2) and s o 77(^3) are 1. Therefore we obtain 

(8.1) u 2 = d 2 = 1 = (f(u2) mod/^, 

(8.2) u 3 = d 3 = 1 = ip(u 3 ) mod/ 3 , 



10 



Note that we may replace C2 and C3 in Proposition 17.21 by invertible elements. 
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by Lemma 18.51 and 18.61 Hence if we show that 

(8.3) u 2 = l(= ip{u 2 )) mod/2, 

we have (uj)$ G VP, which is the desired result. 

Now we show the congruence (I8.3P . We know that u 2 G 1 + I 2 and U3 G 
1 + /3 by (18. ID and (18. 2p . Note that the p-adic logarithmic homomorphism 
induces an isomorphism of abelian groups l+/ 2 ' — * I 2 by ^ ne same argument 
as the proof of Lemma 15.61 By the logarithmic isomorphisms (Lemma 15.61) , 
we have log u 2 G I 2 and log us E I3. 

We may describe logu 2 and logtt3 as A(r)-linear combinations of gener- 
ators of I 2 and /3: 

logn 2 = £ 4V7 C ^C + E^/^' 
b,c^0 6,/ 

logu 3 = E^/^ + ^pVfe 6 ^ + E>£VMc- 

f e^O c^O 

Then we have 

7(3)^, ^V- 2~(4) 



and 



logn 3 = Y.P 2 P°? + E^ C + £pW>* (^ody 2 ). 



By comparing the coefficients, we have 

~(4) 
0/ 



;( 3 ) - m (3) 



Therefore if we set 

' ' ' c "\^ 3) ifc^O, 

^ 3) =4 3) (M0,c/0), (MO), 



we have 

iogu 2 =j> 2 4V + E^V/*c 
+ E + E 

which implies logu 2 G / 2 - Hence by the logarithmic isomorphism (Proposi- 
tion I5.6P , u 2 is contained in 1 + 1 2 , which implies the congruence (|8.3p . 

□ 
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Remark 8.7. By the construction of £ = uf, we have 0s(£) = Since 
contains the image of 9g, we especially obtain the following non-trivial 
congruences among abelian p-adic pseudomeasures: 



It seems to be impossible to show these congruences directly by using 
only the theory of Deligne-Ribet. 
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